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Duality
gauge theory - > string theory
matrix model

e noncritical strings

matrix model —_—

e One possible way to prove duality is to follow this path.

loop equation
topological recursion

<> (_ string amplitudes

e It will be very nice if all these are on the same “OS".
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This talk

e (2,3) minimal strings (NI-Kawai, Jevicki-Rodrigues)

Fokker-Planck formalism

loop equation ——— > (_ string amplitudes

e closed bosonic strings (PTEP 023B05(2023), PTEP 073B02(2024))

Fokker-Planck formalism

recursion relation
for off-shell amplitudes

string amplitudes
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Plan of the talk

1. Fokker-Planck formalism for noncritical strings
2. Amplitudes of closed bosonic strings

3. Recursion relations

4. The FP formalism for closed bosonic strings
5. Strebel differentials

6. Conclusions
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1. Fokker-Planck formalism for
noncritical strings



One matrix model

e One matrix model
aM _NTrV(M)
Vol. (SU(N))

o M — ®(1) = Tre'™,
aM ~NTYV (M) / ~NTYV(M)
- = P P
| v o jf O
_ /[d@(l)] e~ Sett. [®]
e J|®] satisfies (Jevicki-Sakita)*

Lo //(S']ogj[@]_ ! " / ’
/dl<I>(l+l)lW_/o d'B1)D(1L - 1)

e Seq.[P] is not well-defined in the continuum limit.
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The Fokker-Planck formalism

e Euclidean field theory

[lagle” (1) - d(an)
(p(z1) -+ p(zn)) = f[dd)]e*SM

o Fokker-Planck formalism*

T—00

[#(x), ()] = 6° (@ — y) , [, %] = [$,¢] = 0
(0lé(x) = #(2)|0) = 0, (0]0)=1

fiee = = [ a®s (@) - 255101 #(0

e One may consider FP Hamiltonian with kernel K (x,z’) > 0;

App = — /dede/ (fr(:r) - %[&]) K (2,2 )7 (')
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FP formalism for one matrix model

e FP Hamiltonian

w0 (0 OV
Hee = Trong <8M+N oM
Hgp = J[®HgpJ '[®]

e By taking the continuum limit a — 0 with

L 1 N
o) = eé*c(;w(z) +6(1) + 5V (@d)s()
N = ia_%, Hpp = a_%Hg)P

9s

one obtains Hrp which describes (2,3) minimal string theory
(Jevicki-Rodrigues, NI-Kawai)

Hrp = —2/dldl’w(l)A(l/)fr(l+l’)(l+l/) —/dldl’w(l+l’)7‘r(l)lfr(l/)l’

fgs/dldlldg(l+l/)fr(l)lfr(l’)l’ fgs/dldl’q@(l)gz@(l’)ﬁ(l+l’)(l+l’)
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Loop equation

e Hpp can be expressed as

Hrp = g, /le(l)fr(l)l

. 2 ! / AP / 1 o / INA 1IN
() = o Odlw(l)qb(lfl)f;/o dl'w(l 417 (1)1

—/O dl’é&(l’)é(l—l’)—/m dl' (1 + NI

0

e In this formalism, one can derive the loop equation given in the form

lim (Ole " IT(1)d(x1) - - (n)]0) = O

T—00

o T(1) satisfies the Virasoro algebra

[T@(), T = (1 -1")TU+1)
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Seﬁﬂ

° ﬁpp can be formally expressed as
3 ~ 6Seff. n > INA 7!
H = — [ dldl l) — —= K(l,1 l
e = faa (20 - % [3]) ka.0r)
R(,U) = (w(z +U)+ gs(l + z’)) w
e The continuum theory can be regarded as the one based on the dual theory
(matrix model) action Seg ..

e In the continuum limit, S.g. satisfies

/6SeffA / ! / ! ! ! " / /
— [ dl K({',1)=2l dl'w(l -1 ol dl” (1 -1
[ w2 [ drwwysn- 1)+ [ aseu-)

e S.g. can be calculated perturbatively but it is divergent and ill-defined.

e Although S.g. is ill-defined, the FP formalism is well-defined.
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/(SSeFf. / o ! / ’ o ! " ’ 7
/dl M(l/)K(l,l)_Ql/O dl'w(l)e(l l)—l—gsl/o " p(I)p(1 —1')

e Solutions to §Ses. = 0 can be studied by using this equation.

e In N — oo limit, ZZ-brane corresponds to
(1) ox 3!

which is a solution to lfé dl'w(l)p(l =1") = 0.
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FP formalism

e (2,3) minimal strings

Fokker-Planck formalism

loop equation > ( string amplitudes
M — ¢(1)

e We would like to construct a “loop equation” and FP formalism for critical
strings.

e In order to do so, we derive a recursion relation of the off-shell amplitudes
which can be regarded as a loop equation.
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2. Amplitudes of closed bosonic strings



Amplitudes of closed bosonic strings

Eg7n

e Amplitudes of closed bosonic string theory

Apn= [ (] (ar'B10.1) ITvs..

gn g

Mg  moduli space of Riemann surfaces with

genus g and n punctures

e In order to get a recursion relation, we need a way to describe Mg ,,
concretely.

e M, can be described by the length-twist (Fenchel-Nielsen) coordinates.
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Pants decomposition

a pair of pants

% "7 )

2\ AN

e A Riemann surface (genus g, n boundaries) with 2g — 2+ n > 0 admits a
unique hyperbolic metric such that the boundaries are geodesics.

e It can be decomposed into pairs of pants whose boundaries are geodesics.

e Namely, all such Riemann surfaces can be realized by gluing the pairs of
pants.
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length-twist coordinates

L1 ~ L
1,6,

Ls

e The moduli space of Riemann surfaces (genus g, n boundaries) can be
parametrized by the coordinates (ls;6s) (s =1, -+ ,3g9 — 3+ n).

Mg n(L) = Tg,n(L)/modular group

Mg n(L) : the moduli space of hyperbolic surfaces with
genus g and n boundaries with lengths L = (L1, - , L)
Tgn(L) 2{(ls;0:)|0 < ls < 00, —00 < 85 < 00}
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e Given X, (L) € M, (L), one can get a punctured Riemann surface
Yg.n € Mg,n with local coordinates around punctures, by attaching
semi-infinite cylinders to the boundaries (grafting).

8o : Xgn(L) = Egn
e My ,(L) = Mg, for any L. (Mondello)
e One can define off-shell amplitudes by using the hyperbolic surfaces with
boundaries.

/M o, o) [T @018 00D T Vabs, o0

s
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3. Recursion relations




3. Recursion relations

/M [] lddo.) (] | (Blor.] HV )s, n(L)

g.n(L) g s

e Mathematicians were trying to calculate the volume of M, ,,(L).

V(L) = /Mg.n(L) 1:[ {l sdlsdOs } / H {l sdlsdls }

e Mirzakhani discovered a way to calculate the volumes without taking the

fundamental domain.

/;H {lsdé;d&} /H [z Jdlsdfs } 050

e Let us consider one of the simplest examples V1 1(0).
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McShane identity (g =n =1,L = 0)

| & ‘
1/ \W/
e McShane identity (1998): for f(I) = H%
= Zf(l)

e The integral V1,1(0) = [ can be unfolded by using this identity.

F

ldldeo ldldeo ldldo
v = [B2-[ Sff-[ G
F 4T Mi,1(0) ur MY,1<0> &

oo 27 2
= / T
o o 2ml+é 6

ldldo
27

{(Z1,1,7) | Z11 € M1,1(0),7 C 1,1}
= {(1,0) |0<i<00,0<6 <27}

<
£
-
g
|

1
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generalized McShane identity

e For general g,n with 29 —2+n > 0.

n
Ly = Z D5 + Z Z (Tt,r,0, +Dryr,1,)

{v,6}eC a=2v€C,

L

Drppr = 2 (log(e% fe )— log(e_% fet ))
o L
cosh £~ + cosh £55

cosh % + cosh L’ZL’

TLL’L"
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Mirzakhani recursion relation

e Multiplying the generalized McShane identity by f]_. Il [%

partially unfold the integral and get

], one can

1 oo -
LVpnni(LL) = 5 /0 ar'r’ /0 AL L Dy Vy 1 maa(L, L', L)
1o e
+5 / 'L’ / dL"L" Dy Z Vi (L', L)V, my (L7, L)
o o stable

Ly

4

n oo
+3 / UL (Ty 1o+ Diyparr) Vyn(L T\ L)
u.:l'o

La
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The recursion relation of off-shell amplitudes

e An off-shell amplitude is given by an integral over M, ,(L).

e Using the generalized McShane identity, we can partially unfold the
integration and get a recursion relation for off-shell amplitudes.

Ly

LAl = LiGI 26,00,

1 , £:
1onsg AT 2T # 1T, AI'T,
+5 DG G | AL + Z D) = mAq. o Agars,

+ZEuTI]I“JG.IIA_{I]YI,?:{"“‘IH L

a=2
L ()
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The recursion relation

Iy--I Iy 1.
LlAgtn » = [LG! 25910(5%2

1 ' € /
Lonrs I Feeciy # ITy AI'T>
+2D GG | A, 550 + E : (n1 — 1)l(ng — 1)1 90m1g2m2

n
+Z‘9aThI JG A112 oIy

g,n— 1

Al / T] (@] [ 0LIB 0]} Bos B Vo Vi )5

)1 Qq =+
Q= a I i (a) _f(a)
(56" = B5)bs, (91,) Jy ™ Loei®e B -L67)  ap = —

Thil = Ty 1 (Ba,BayBa, VAVR2V®)
DB = Dpopor(Bay Bag Ba, VA V2VS)
Gnr, = (¢5,195,)(=1)"28(L1 — L2)day,—az »

e The external lines are labeled by I = (i, L, ), where o = + distinguish
the b insertions.*

e One can obtain all the amplitudes by solving this recursion relation.
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4. The FP formalism for closed bosonic
strings




Recursion relation

LAl = LGNI26, 06,0

1 nJJ II' I3, s I
IphJt. g Iy e 1Ty, AI'T:
+2D GJIGJ’I’ Ag—l,n+l + Z le — 1 ,LQ — 1)!‘49, n]Ag.u.nz

n
+Z€"Tma e Af,,lfl 1I ol L
a=2

(]

e Mirzakhani recursion can be considered as a “loop equation”.
(Eynard-Orantin, Saad-Shenker Stanford)

e This recursion may also be considered as a “loop equation”.

e One can develop the FP formalism.
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The FP formalism for closed bosonic strings

o We deve|op the FP formalis
<< I . In>> 8 <<O| —THAFP 217 . Aln‘o»
T—00

o

I I 3 2g—2 Iq---1

(o't e plnpc =" g2o7 2l in
g9=0

(71, GSK] = 51K
(71, 7] = o1, 5] =0
(0l¢" = #7]0) =0, (oJo) =1

e Hpp can be constructed from the recursion relation

Hpp = Tlﬁ'[

L GT T 4 LTy
1

II/I// AK// /\K/ N
sD GrgnGri¢™ ¢ fr

Ir'r"’ K" A A
—gsT Grignd™ Rpfr
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The FP formalism for closed bosonic strings

(9" -4 = Jim (0le™ w1t g0

Hep = —LaapGll 4 Lélas
1 IR -~ 1~ /A
—ggSDII I GI”K”GI’K’¢K (Z)K Tr

!l ~ "
—gSTII 4 GI//K//¢K ﬁ']/fl’[

e By construction, the results coincide with perturbative amplitudes of

closed bosonic string theory.
° HFP consists of kinetic terms and three string interactions.

° ﬁpp is not invariant under the BRST symmetry on the worldsheet. One
can construct a BRST invariant formulation* by introducing auxiliary
fields.
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Seﬁﬂ

e Formally IYFP can be recast into

Hyp = — (fl’l — 6;;? [ng}) Klllﬂp

KT _ LGII’+gSTII’JGJJI(bJ'(_1)|I"|J|
65984 I'r
sol’

= L¢f - %SD”’I”G,/,J,/G,,J/¢J”¢J’

1t
+ gSTH | GI’I”

e One can calculate Seg. perturbatively. It turns out to be divergent and ill
defined . *

e S.i. should be identified with the action of a fictitious dual theory.
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5. Strebel differentials




Strebel’s theorem

e Given a punctured Riemann surface (2g — 2+ n > 0) and positive
numbers L1, - - -, L,, there exists the unique quadratic differential ¢(z)dz>
(Strebel differential) such that

2 g
o for z ~ zq, B(2)dz* ~ — (%) (zfzzz)2

e holomorphic for z # z,
e with the metric

ds®> = |¢(2)|dzdz = dwdw
w= /z dz'\/p(2")

the surface looks like
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Strebel differentials

critical graph

GynL

e To any punctured Riemann surface, one can associate a graph called
critical graph.

e Moduli spaces of punctured Riemann surfaces can be parametrized by the

lengths of the edges of the critical graphs (combinatorial moduli space
MG (L)),
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Combinatorial moduli space

e The combinatorial description can be considered as a limit of the one

using the hyperbolic surfaces. (Mondello, Do)
ME(L) = Jim Myn (L) = My,

e The combinatorial version of Mirzakhani recursion was given by Andersen
et al., Bennett et al..
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Fokker-Planck Hamiltonian

e For the combinatorial description of the moduli space, we get
_ Ao I'1 2T A
Hpp = —LajapG +L¢ T
1 1'r"”’ K AKT
—595‘/ GrignGrr¢™ ¢ fr

'’ K A s
—ng GI”K”¢ 7'[’[/71'],

propagator vertices

6 type
|Ly — Lo| < Ly < Ly + Ly

dumbbell type
L+ Ly < Ls

e S, can be defined in the same way as the hyperbolic case.
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6. Conclusions




5. Conclusions

Fokker-Planck formalism

recursion relation
for off-shell amplitudes

string amplitudes

e The technique here can be applied to construct classical solutions of SFT .
Firat-Valdes-Meller, Kim

e The combinatorial version may be useful in studying gauge/string duality
(Gopakumar, Razamat, ...,)

e Superstrings?
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Jevicki-Sakita*

/Vol SU(N H5< ZM)

l

Using o s
Tr 8?}5{ agzew = WTre O,
/dl@ (+1) 5?(%({,[) }
b o ] st ) o [T )
- _5 / Vol. (dszg(N IB?EM aM H‘S CORES
- 3 / Vol. (dsjg(N r82£;;”f H5< TrelM>

= z/l Al d(1)B(1—1')
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(@(a1) - d(zn)) = lim (0™ 3(a1) - d(zn)[0)
e Probability density

P ¢, = (0l [T 8 (d(2) - 6(=)) [0)

0:Plp,7] = —Hrp {(ﬁ(x)’ M:zz)] P, 7]
5] b6 5 5S
fev {‘"(m)’ 5¢(x>} = [ 5o@) (6¢<x> - w(x))
o Since ¢35 Hrpe 5% > 0, lim, o0 P[6,7] = 15— .

lim (0]~ g(z1) - $lwn)|0) = lim / [A1P (6, 7] $(1) - -~ pln)

[ldgle *¥lp(z1) - - p(xn)
[ldgle=519]
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b-ghost insertions*

Blo,] = Bs [0,] + Bs [01,]

s

B[0y,] = —2mib,

s

B[90,] (Bs [0,] + B [1])

e String states with these insertions are labeled by @ = —, and those with
no insertions are labeled by o = +.
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BRST symmetry on the worldsheet

e We need the worldsheet BRST symmetry to define the physical states with
positive norm.
Qlphys.) = 0
Iy ~ h+el)

e In order to discuss this symmetry, we change the notation

67 = 34710

Ira(L)) = le)fn

B = [T arL (R @) Ima(D) — (Rlma(L) Im—a(D)]

—0s / dL1dL2dL3(TrLyrg1, \Bl_al 332323 [T (L1))1|maq (L2))2|mags (L3))a

1 «@ (=3
—59: [ dLadLadLa(Dryn, 1ol B, BLoy B, 1671 (L1))1]672 (La))almag (La))a

e The BRST transformation

S|t (L)) = eP-QloT (1))
Sel¢™ (L)) = eQlo™ (L)) — by POL|¢* (L))

Selmi (L)) = eQlmy (L)) — eby PoL|m—
Selm_(L)) = eP_Qlm_(L))
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H is not BRST invariant

e I is not BRST invariant.

o If it were, FP formalism would be modular invariant
e Let QQ be the generator of the BRST transformation

SH =[Q, H] = /0 " dL ((RIQ*(L) ma (L)) + (RIT(LDIQ, Ira(L))])

H:/O dL(R|T* (L))|ma (L))

|2 (L)) = [Q, 1T*(L))]

e The amplitudes are invariant, because |Q%(L)), |T(L)) are “null
quantities’ satisfying

[ tim (ole™™"] |7(L)) = 0

[ lim (ole™ "] |Q*(L)) =0
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BRST invariant formulation*

e We can modify the Hamiltonian by introducing the auxiliary fields
A2 (L)), AT (L)) so that it becomes BRST invariant and still yields the
correct amplitudes.

o A+ [T L ((RIQTW)AS W) + (RIT (L)AL (L))
0

5 = [ 4L ({RIQ (L) ma (1)) + (RIT (LNIQ, Ima(L)])

0
e The action
oo oo a o
e = [Tar [~ [T an(Rima D)o 1% D) + HD
- “ T Q T « T T T

+,/O dL ((RIQ* (1, L))IAS (7, L)) + (RIT (1, L)AL ( 7L>>)}

e This action is invariant under the BRST transformation.
e |t consists of kinetic terms and three string interaction terms.
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Seﬁﬂ*

]_ 7
Segr. = §G1J¢I¢>J HI G15Gyr 51 Grign g’ ¢J¢

n %TH,I”GI/IHGU(Z)J +0(g2)

Ser. = & + gs¢° + g5 + - - -

D’Hoker-Gross \: y /(>\
0o =X | o
N

e Soi. is divergent and ill defined.

e The 1 loop 1 point amplitude becomes finite.
e S.g. includes infinitely many divergent counterterms.
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e In N — oo limit,

10) / dxep(N)

Sefr. /d)\V()\)p()\) — % /d)\d/\'p()\)p()\')log |)\ — )\'|

e disk amplitude

W) = / dAe“po(A)
0 _ /PO
V') = /dA . X

e ZZ-brane: p(A) = po(A\) + CH(A — x)

Serr. (1) o< /d)\po()\) log |z — Al

Sta (@) o [are)

_)\:0

39/39



	Fokker-Planck formalism for noncritical strings
	Amplitudes of closed bosonic strings
	Recursion relations
	The FP formalism for closed bosonic strings
	Strebel differentials
	Conclusions

