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Graph zeta functions
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Classification of cycles and Ihara zeta function

primitive cycle reduced cycle equivalence cycle
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Determinant expression of lhara zeta function

Vertex representation

-

IThara zeta function is the inverse of a polynomial

a(q) = (1 —¢*)~("e7v) det (I —gA+¢*(D - 1))_1

Edge representation

Equivalently,

Ca(q) = det(1 — W)™

(#1]) Double Triangle

s A
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€2
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Bartholdi zeta function

GG (Q7 ’LL) =

11

[C]:primitive

Bartholdi 2000

— bump DL

1
1 — glC1o(CY~

Bartholdi zeta function ----=s [hara zeta function

Vertex representation

Colgu) = (1— (1—uw)?¢?) "™ det(1— A + (1 — u)g®(D — (1 — u)1))

Edge representation

u=20

Calg,u) = det(l — (W +uJ)) ™
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Matrix weighted Bartholdi zeta function

Ohta-S.M. 2022
- regular matrix X, (size K) on each edge e €1 /? ®x_ed cf) Mizuno, Sato 2003,2006
X1
° Xe—l — Xe—l / Xs
€5

e Xc = Xel.1 "'Xein for ¢ = e, e @\ 7
« matrix weighted adjacency matrices 2y €3

X, {(v,v)=c¢e X, ift(e)=s(e)and e~ £e X, ifel~l=e

A(X)Uv’ — < > (WX)ee’ - ( ) ( ) # 3 (JX>ee’ — .
0 others 0 others 0 others

Matrix weighted Bartholdi zeta function
e _
Ca(q,u; X) H det(1x — ‘C|ub(C)XC) 1,

= (1-(1- u)2q2)_K(”E_”V) det(Lxoy — qAx + (1 =)@ (D — (1 - w)lkuy))
= det(logn, — g(Wx + UJX))_l

N\ J
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Important properties of Riemann zeta function

=1
() =2 —
n=1

( )

(1) Euler product

(o =Tl

p

((2) functional relation

completed zeta function : é(s) = n';T G) {(s) mmmp £(1—s5)=E(s)

L

(3) Riemann’s hypothesis

non-trivial zeros of {(s)will be only on Re(s) = ;—

< )
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Is Thara zeta function a zeta function?

((1) Euler product?

1
@)= 1] 1—g0cl

[C]:PR
((2) functional relation? )
—(ng—n —1
- If the graph is (t+1)-regular, (c(q) = (1 —¢*)~"#~™) det ((1 + tg*)1,, — qA)
. Completed Thara zeta : &c(@) = (1— )™ (1 - 2¢3) % Ca(@) = (1 — ¢*) T (1 - 2¢*) % det (1 + t¢*)1,, — qA)
1
f0(50) = (~1)™ ¢a()
- q J
((3) Riemann‘s hypothesis? N
If the graph is Ramanujan, non-trivial zeros of {.;(t~°) are only on Re(s) = ;—
(Ramanujan graph : (t+1)-regular and the eigenvalues of the adjacency matrix satisfies 12 — 4t < 0)
proof
Ihara zeta function of (t+1)- regular graph
Calq) = (1= ¢*)"™ P det (1 = t¢*)Lny, — qA) = (1= ¢ "= [ [(t¢® = Mg + 1) » zeros : q =& gt 2 = pse
A
g If 22 — 4t < 0, since s_ = s}, t ™S+ - t75- = t~S+75- = t72Re(s4) = ¢~1 -
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Fundamental Kazakov-Migdal model
on the Graph and graph zeta functions



FKM model

Fundamental Kazakov-Migdal (FKM) model on a general graph onta-s.m. 2023

_ 211 P I
§= 3 mielieu — a3 (@] JUeior + @ Uu)
veV eck

fundamental representation
cf) KM model on the graph «azakov-higdal 1992 (=1 N) P
Ohta-S.M. 2022 r U f

s =128 0t 00 (08, ) - o) » e
veV ecE q)s(e CDt(e)
s(e) Ue t(e)
T

Partition function as a Gaussian integral

N ¢ /
z=1] / [T d®,ido™ T dU, e~ A" @
I=1

= veV eckE

unitary matrix
(color N,)

A(U)UU/ = mgdvv,lNc _ q(AU)Uv/ (AU)UU/ - Z Ue 5(’0,1}’),e

ecFEp
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Partition function as a graph zeta tunction

Recall

1) (o(q,u;U) = (1 — (1 - u)2q2)_Nc(nE_nV) det(lNch —qAy + (1 —u)g*(D — (1 — u)lNch))_1

Nf / / / /

2) Zg = H/ [ d@urdot? [] dUe e @™ 208" 2vr o (det AU)) N AU),” =mid," 1n, — q(Av),’
I=1 veV eeFlR

tunning the mass parameter

m2=1—¢*(1 —u)*+¢*(1 —u)degv

Ze =N [ T aU. Gala. wi V)™

eck
(W = @m)VNem (1 (1 w)?g?) V)

- J

FKM model is described by the unitary matrix weighted Graph zeta function
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Effective action and relation to Wilson action
(For simplicity, u = 0 in the following)

Zo =N [ T] Uetolaw0) = [ [Lav.em%0® (7 = Ny/No)

eckE ecl

l Gl = ] det(lNchUc)leXP( > Z%@wg”“]gn))

CE[PR] CE['PR] n=1

Set(U) = —N. Z Z 7 (Tr UZ + Tr U}}") valid only for small |q|

-

-

cel,n=1 " (at most |q|<1)
1 )
y=N¢/N. q¢—0, v—00, A= ol fixed (I : minimal length of the cycles)
N,
Sea(U) =+ =55 > (Tr Uc + Tr U;g)
Ce[rr, ]
FKM model includes the usual lattice gauge theory with Wilson action
J
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Duality of the FKM model



When the graph 1s regular
Seft(¢;U) = —N.log (a(q; U)

functional relation for d-regular graph (¢t =d — 1) Ohta-S.M. coming soon

—tg?(1 = ¢\ "E TN
1 — t2¢2 )

Calq; U)

Co(Lta: U) = (tg?)™v e (

C! ) Kotani-Sunada g=ts

When G is d-regular, {;(q) has poles only in ﬁ < Re(q) < 1.

In particular, there is a simple pole at g = di—l.

Ve

The FKM model on a regular graph is symmetric under the dual transformation,

q<—>£ ors<1—s (g=t?%)
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When the graph is irregular

fact Kotani-Sunada

« All the poles of {;(g) are in j—)s Re(q) <1 (1/w : maximal radius of convergence)
1 1

<1<

tmax ~ ® = tymin

There is a simple pole at ¢ =1/w ~ natural parametrization : g = w5
- ) <t

.
“functional relation” for irregular graph onta-s.M. coming soon

- - —1
(q(1/wq; U) o det (1 — wq (Q_1WU — (1 — Q_l)JU))
(Q = diag,(deg s(e) — 1)>
matrix Bartholdi zeta function with (unfamiliar) weights

The FKM model on an irregular graph has also a dual expression in g > 1
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Stability of the FKM model



Gauge fixing and degrees of freedom
Sef(U) = —N.log (Ca(q; U)) = —N.logdet (1 — gWy)

degorees of freedom after cauge {ixing

- We can set U, = 1 on a Spanning tree

- The number of the remaining edge = rank r

- The remaining unitary matrices = independent plaquette variables
Uy, -+, U, : fundamental cycles

> g"lCl

Ser(U) = —Ne S N L (UL + TrUS")  (Ue = Uy -+ Us)
] n=1

n

2023/09/13 it BT 22023 19



Saddle points
0Sex(U) = —izr: Z ¢'¢! Tr (5Aa (UC — Ué)) = (

a=1CeR, i .
————reduced cycles including C,

- Uo = UL for all reduced cycles
- C can be a fundamental cycle: mmp [/, = U 2;

- For ¢ =C,C,: U,U, = (Uan)T — UJU:[ = UpU,

U, are diagonalizable simultaneously.

-
Ua — diag (::1, Tt ::1)




Vacuum and the stability

n|C|
‘FP _Nyyq

C n=1
mp vacuum : U, = 1y,

The stability of the vacuum

(N& + Ng(=1))

St (U) = —N2log Calq Z Tr (§A.6A) (Mg),, + O(5A?)

a,b=1

Proposal

Spec(M) includes negative values in 0 < s <1

M is positive definite otherwise




GWW phase transitions



GWW phase transition in

After gauge fixing: U, =--=U, =1 (U, =U,a = g")

(“)
9\ NrNenv N .
Zc, = (—W) alVelVs /dUeNf S e (e U™+ TYU ™)
T Nc 0.6, ,
— N/ Hdg ezj;éklog‘sm - ’—Nf > log(l—2acos€i—|—o¢ )
T =1 )
Eigenvalue density in large N, (#=5 30 -0)
1 acosf — a?
%(“ﬁvm)’ e 6 (Q-a) 2y—1
p(e) i (Sinz 50 T ia ( 77 1)2
2(y -1 cosg 5 0o 0 m—
sin? > —sin® 2, (0 <)

T 1—2acosf + a? 2 2

Free energy

Fo, =— Nlciinoo N—Cz log Z¢,
1 1
O(x)— 06
= —][ dxdy log |sin (z) 5 ) ‘ + fy/ dz log(1 — 2accos O(x) +
0 0
_JFZ =~%1og (1 - o?) 0 <a<a¥) (a*
| FE =@y -Dlog(l—a) + jloga+ () (" <a <)

the cycle graph

\
(< ar- .. )
; Wilson limit
' 1
q—0, v—=00, A=—7: fixed
. Ya
217T<1+i0059> , (6o =)
) p(0) —
%cosg g—sinzi, (0p < )
F_"E—% O<a<a*)
FC"”%{FEFHE—§—;Iog;‘+j (af <a<l)
exactly reproduces
o?) the result of GWW model
\_ J
1
2y —1

31 order GWW phase transition (appears only for y > 1)
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Partition function for a general graph in large N

.

large N decomposition of Wilson loops (gN s KN )

/HdU ( H TAC(UC)TMC(UE‘)> - H (/HdUeT)\c(UC)TNC(U(TZ’)> +O(1/Nc)

e€E Celll4] Cellly] ecFE

NnNwp—mN ]-
Za — (2m) NNy (1 = g2) NN T —
ce,) (1 —¢219)

k
(TA(U) = [T @H)™ A=, >)

(61432211)
[ ]

UA

.

1

‘saddle point approximation around U, =1 (N, K Ng) (r :rank of the graph)

Zg — N (2m)NrNenv (1 — g2)NiNelnemny) NJ?Nf I1
Cellly]

(1 — ¢IC1)2NsNe

(det Mg)

2
Neg

Free energy in the both limits

1 _2] 2
FGE_ 2lOgZG: 2 OgCG(q )71 i
N, —vlog(a(q) + 5 Trlog Mg + S logy + f(7)

C

different analytic expressions in the both region

(k1)
(¢S vy>1)
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Check 1n the cycle graph
[recall] [recall 2] exact solution for C,
— (1 — n\—2 — (1 — —2
Gen (@) = 2065 ) ( ) R = {72 log (1 — a?) (0 <a<a¥)
Me, = " @y -Dlog(l —a)+ 5loga+ f(y)  (af <a<l)
(1-a)

. ~% log (e, (¢7). \; {vz log(1 — a?)

Cn —vlog (e, (q) + %Tr log Mc,, + 5 log~y + f(7) (27 —1)log(1 — a) + 3 loga + f(v)

tp(0)

N =

p(0) yq? =

GWW
Pp» -

N ! phase transition
small g phase large q phase

™
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Phase structure of the FKM model in g <1

‘when all fundamental cycles are symmetric:

The system should have two phases

U1 10(6) Ur o(0) . P /,Zf\”’) :
- ° . . T E 0
2 e o » R : /2&49
Fg = -5 10gCa(0®)  iFa=-7lostole) + TrlosMe + jlogy+ /()i by
p, are all connected : p, are all disconnected : ‘
GWW 1/ 11
(when the fundamental cycles are composed of different types of cycles: )
The system should have intermediate phases
= A A : U, /’“’\ U, S
. i ) | . / E : \ 06) i
ez ® - . Ur (6) E 7 .7. 7 E iﬁ . : = N . U‘r‘/ i 00
5 " Uy I\ . : Fo=—7loglle) + 5 Trlog Ma . C?é/
Fg = -+ logla(q’) = Lo : 51 : Q
E E E +20g7+f(7) 1/w5 q
\\ O o 1 J
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Numerical results



Observables emperature”

/.
Zo = / H dU, Ca(q; U = / H dU, e~ VSett(4:U)

ec eck
Sefi(q; U) = —N.log (a(q; U)
free energy
2 log Calg?), (0<a<q)
Fg = { [intermediate] (e <q<qc)

—ylog(a(q) + 3 Trlog Mg + §logy + f(v) (4. < g < q)
specific heat

5 (92 ’YQ 2 2
Cag=—v 8—72 G:N2 (<Se >_<SePf> )
(72 log C(;(QQ), (0<qg<q)
= ¢ [intermediate] (q. < ¢ < q..)

() (¢). < q) - g-independent
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Cycle graph P

. ) )
We know the exact solution X
Specific heat (a = g") “ '
—27%1og (1 — a?) 0 < a<a¥) | &
Ce, = _ 9421 v(y=1) * 1 YT
v log ( =72 (" <a<1) N
Eigenvalue density ~ q-independent i (—= )
1 acost — o /’///’7 -
" 27r<1 - 2acos€+a2> (Bo=m) " " ( 500 (1—a) 27—1>
0) — 1o(0 sin® — = 5 — 3
p o’y 1o cos ? \/Sm TR o / \\\ 2 da (y—1)
T 1— 2« 0080 + a2 /,/ \\\
Duality S + C
dual E
o, (1/q:U) x (e, (q:U) region
Parametrization
s = —logq :0<q<1correspondstos >0
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C'y, v = 1024.0, ¢ = 12.513743701037066, u — 0.0

I cyce1

03

Cycle graph (n=3) | ==

C,, specificheat, v = 1024

0.0 e

' 1 )
| | [ ]
# | L]
feogoBfull (eguslglpel]
° |
q |
|
04 + | | |
- N | " e 7~ 10210, — 1L 2730000)03631932, 0.0 |
© | |
()] .l |
: 15
O 03 F I |
Cypy— 1024.0,g — 28.258007305922607, u — 0.0 o 8 w0 | Cy 7= 1280,9 = 0.0T0USTE530898888, u = 0.0
] ' '
aQ ' 5 '
" 0.2 F . |
. l l\ 3 2 1 : 1 2 3 I
| @/j I | ®
01} ¢ | ]]] - @ N. = '
L] | [ N, = |
o | N, =16 o
cae poww 1 L e,
0.0 + 1 1 | \ 1 1 1 | 1
-3 -2 -1 0 1 2 3
S
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General graphs

Specific heat (a¢ = g")

(v2log Ca(q?),  (0<q<q.)
Cc = { |intermediate] (g. < ¢ < q.)

‘ »

argeIsun
9)RIPaULI9IUI

() (. <aq) CE?

(e, (1/wq; U) o« (a(q; U) 2
Parametrization %
q=w" /

How similar
the dual side is?
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% A

H.

H ‘e

" *

H .

H )

: .

H L
-

u ’.

L] “‘

phase transition point?
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Double Triangle

DT, 5 = 10240, g — Z803677I70740667, u — 0.0 €1 €4
DT, specificheat, N,. = 16 - Q@
i s‘ ] @ -4
B o = 2 “
: [ Jl: : = iSB U3
i o o @ =1024
N Y

- " 2 “Ogg, on®

© oa®

-qC) ~— ’. . b.. e "osege -..‘-!)‘ v 4

O 1.00 F 00gg0 'o"m:‘.'lO‘ CofoRg SR ge0 RO 000®

5 R . | .

Q 0.75 e °®

%] [ ® p (]

e ° ° o
050 F O S o i ]‘Glljb . ° ’
o [s]

RANK=2 (2 triangles) N o . 112(9 I . °
q:C‘3 = l/zy 025 1 ° L .. o @ k .. o ..
2nd order for y < oo o | e o o ° . | ® 1 ¢ °
3rd Order ln y - 0 -5.0 -2.5 0.0 2.5 5.0

slightly asymmetric (consistent to the dual descripfion)
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Triangle-Square @q,@

o/
/
@ o

TS, specificheat, N, =
@) =4
. 8 1Z%
15 F : =128
@ - =1024
% \>
2ol -
€ ®
Q
0.5 -\r/ o
RNAK=2 (triangle and square) 8 . °
there is an intermediate phase / / o ..
i = 1/2y, qc, = 1/2y o % %
cl: 34 order for all y 0.0 % . - : ' :
-6 -3 0 3 6

c2: 2M order for y < o, 3" order in y - o
slightly asymmetric (consistent to the dual description
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Tetrahedron

K4, specificheat, N. = 16

(o) v=4.0
D P o e
Lo, . . o i
O][ t H @ 7 =4096.0
12(91« o8 I @ - =163840
g Foan ks AR
$ 3
- g § 8 XY
LY ° :n.ll?u.}-!t.
° 8
RANK=3 (3 triangles) NP
qg = 1/4)/ o° '; o o. 0’.:0".
2nd order for all region of y 0 25 00 25 >0

This is due to the difference of the number of the funaamental
cycles and the number of the cycles of the minimal length.

symmetric around s=1/2 (consistent to the duality)
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Conclusion
We have constructed the FKM model on the graph.

The etfective action of the FKM model is written by unitary matrix
weighted graph zeta function.

The FKM model reduces to Wilson’s lattice gauge theory when the graph is
a lattice.

The FKM model has a strong/week coupling duality because of the
functional relation of the graph zeta function.

The FKM model enjoys the GWW phase transition in large N,

The phase structure of the FKM model depends on the structure of the
fundamental cycles of the graph.



Future works

« Analytical description of the intermediate phases?
« Continuum limit?
« dynamical fermions?

« Physical meaning of the Riemann’s hypothesis of graph zeta function
or Ramanujan graph?

« Can graph zeta function be an observable of SUSY gauge theory on
the graph?

« Relation to other zeta functions?



