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Graph zeta functions
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(directed) Graph and cycles
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Classification of cycles and Ihara zeta function
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primitive cycle
<latexit sha1_base64="N/Sh2inYmPLrituxRwh9o+1mT/U="></latexit>

C 6= Bn

primitive not
primitive

reduced cycle

cycle without bumps

reduced

not 
reduced

equivalence cycle
<latexit sha1_base64="kydaRGGggJPa8DMiSzi/rd0NeIA="></latexit>

C1 ⇠ C2

<latexit sha1_base64="+nWup64dYjrFBh43pEzgJaqDsAY="></latexit>

C1 = e1 · · · el
<latexit sha1_base64="zXlc0opVuOB4zZbgFJtAVGw3JSA="></latexit>

C2 = e01 · · · e0l
<latexit sha1_base64="CnCzObGNJicpfVK8oIpfIfEAmsw="></latexit>

, 9n 2 N s.t. e0i = en+i for
8i
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Determinant expression of Ihara zeta function
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Ihara zeta function is the inverse of a polynomial 𝑛$: #(verices)
𝑛%: #(edges)

𝐷: detree matrix
𝐴: adjacency matrix
(𝑛$×𝑛$ 𝑚𝑎𝑡𝑟𝑖𝑥)

Ihara 1966
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⇣G(q) = det(1� qW )�1

Equivalently, Bass 1992

Vertex representation

Edge representation

𝑊 =

(例) Double Triangle
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Wee0 =

(
1 if t(e) = s(e0) and e0�1 6= e

0 others

edge adjacency matrix
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e = {e, e�1|e 2 E}
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⌘�1
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Bartholdi zeta function
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1� (1� u)2q2

��(nE�nV )
det

�
1� qA+ (1� u)q2(D � (1� u)1)
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,

Vertex representation
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Jee0 =

(
1 (e0�1 = e)

0 (others)

Edge representation
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⇣G(q, u) = det(1� q(W + uJ))�1

Bartholdi 2000

Bartholdi zeta function            Ihara zeta function
𝑢 = 0



Matrix weighted Bartholdi zeta function
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Ohta-S.M. 2022
• regular matrix 𝑋&（size 𝐾）on each edge 𝑒
• 𝑋&!" = 𝑋&!'
• 𝑋# ≡ 𝑋&#" ⋯𝑋&#$ for 𝐶 = 𝑒("⋯𝑒($
• matrix weighted adjacency matrices
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A(X)vv0 =

(
Xe hv, v0i = e

0 others

Matrix weighted Bartholdi zeta function
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cf) Mizuno, Sato 2003,2006



Important properties of Riemann zeta function
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⇣(s) =
1X

n=1

1

ns

(2) functional relation

completed zeta function：𝜉 𝑠 = 𝜋!
%
&Γ "

)
𝜁(𝑠) 𝜉 1 − 𝑠 = 𝜉(𝑠)

non-trivial zeros of 𝜁(𝑠)will be only on 𝑅𝑒 𝑠 = '
)

(3) Riemann’s hypothesis

(1) Euler product
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Is Ihara zeta function a zeta function?
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(1) Euler product?
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⇣G(q) ⌘
Y

[C]:PR

1

1� q|C|

(2) functional relation?
• If the graph is (t+1)-regular, 
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⇣G(q) = (1� q2)�(nE�nV ) det
�
(1 + tq2)1nV � qA

��1

• Completed Ihara zeta：
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⇠G(
1

tq
) = (�1)nV ⇠G(q)

(3) Riemann‘s hypothesis?
If the graph is Ramanujan, non-trivial zeros of 𝜁!(𝑡&') are only on 𝑅𝑒 𝑠 = (

)
（Ramanujan graph：(t+1)-regular and the eigenvalues of the adjacency matrix satisfies 𝜆' − 4𝑡 < 0）
proof

Ihara zeta function of (t+1)-regular graph:
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Fundamental Kazakov-Migdal model 
on the Graph and graph zeta functions
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FKM model
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⌘
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5
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Fundamental Kazakov-Migdal (FKM) model on a general graph Ohta-S.M. 2023
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⇣r
2

⇣
�2

s(e) + �2
t(e)
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� �s(e)Ue�t(e)U

†
e
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cf) KM model on the graph Kazakov-Migdal 1992

Ohta-S.M. 2022

fundamental representation
(𝐼 = 1,⋯ ,𝑁()

unitary matrix
(color 𝑁))
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Partition function as a Gaussian integral

Arefeva 1993



Partition function as a graph zeta function
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tunning the mass parameter

Recall
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m2
v = 1� q2(1� u)2 + q2(1� u) deg v

FKM model is described by the unitary matrix weighted Graph zeta function
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Effective action and relation to Wilson action
(For simplicity, 𝑢 = 0 in the following)
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valid only for small |𝑞|
(at most |q|<1)

FKM model includes the usual lattice gauge theory with Wilson action
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Duality of the FKM model
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When the graph is regular
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functional relation for 𝑑-regular graph
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(t ⌘ d� 1) Ohta-S.M. coming soon
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Se↵(q;U) = �Nc log ⇣G(q;U)

cf) Kotani-Sunada

0-2 -1 1 2

-5

5

11
When G is 𝑑-regular, 𝜁8(𝑞) has poles only in 

'
9!'

≤ 𝑅𝑒 𝑞 ≤ 1. 
In particular, there is a simple pole at 𝑞 = '

9!'
.

𝑞 ≡ 𝑡#'

The FKM model on a regular graph is symmetric under the dual transformation, 

𝑞 ↔ '
6:

or 𝑠 ↔ 1 − 𝑠 𝑞 ≡ 𝑡&'



When the graph is irregular
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fact Kotani-Sunada

• All the poles of 𝜁*(𝑞) are in 
+
,
≤ 𝑅𝑒 𝑞 ≤ 1 (1/𝜔 : maximal radius of convergence) 

• +
-!"#

≤ +
,
≤ +

-!$%

• There is a simple pole at 𝑞 = 1/𝜔

0-2 -1 1 2

-5

5

11

natural parametrization : 𝑞 = 𝜔12
𝜔 ↔ 𝑡

“functional relation” for irregular graph Ohta-S.M. coming soon
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Q̃ ⌘ diage(deg s(e)� 1)

⌘

matrix Bartholdi zeta function with (unfamiliar) weights

The FKM model on an irregular graph has also a dual expression in 𝑞 > 1
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Stability of the FKM model
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Gauge fixing and degrees of freedom
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Se↵(U) = �Nc log (⇣G(q;U)) = �Nc log det (1� qWU )

degrees of freedom after gauge fixing
・We can set 𝑈& = 1 on a spanning tree

・The number of the remaining edge = rank 𝒓

𝑼𝟏

𝑼𝟐
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・The remaining unitary matrices = independent plaquette variables
𝑈!, ⋯ , 𝑈" : fundamental cycles



Saddle points
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reduced cycles including 𝐶3
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・ For 𝐶 = 𝐶3𝐶4: 
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・ C can be a fundamental cycle:
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<latexit sha1_base64="2lOnIZ6NNitxpN5S0bHgsggaLj4="></latexit>

Ua = diag (±1, · · · ,±1)



Vacuum and the stability
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Ua = 1Ncvacuum : 
The stability of the vacuum
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Spec(ℳ5) includes negative values in 0 < 𝑠 < 1

ℳ5 is positive definite otherwise



GWW phase transitions
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GWW phase transition in the cycle graph

2023/09/13 離散研究会2023 23

<latexit sha1_base64="dP3hFUTXDKb8uNxKX5ZC1NL8fsc="></latexit>

ZCn =

✓
2⇡

qn

◆NfNcnV

↵NcNf

Z
dUeNf

P1
m=1

↵m

m (TrUm+TrU�m)

= N
Z ⇡

�⇡

NcY

i=1

d✓i e
P

j 6=k log
���sin

✓j�✓k
2

����Nf
P

i log(1�2↵ cos ✓i+↵2)

After gauge fixing : 𝑈) = ⋯ = 𝑈= = 1 (𝑈' ≡ 𝑈, 𝛼 ≡ 𝑞=) 

Eigenvalue density in large 𝑁>
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Partition function for a general graph in large N
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Check in the cycle graph
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Phase structure of the FKM model in 𝑞 < 1
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Numerical results
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Observables
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Cycle graph
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We know the exact solution
Specific heat (𝛼 = 𝑞=)
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Cycle graph (n=3)
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Preliminary



General graphs
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Specific heat (𝛼 = 𝑞=)
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Double Triangle
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• RANK=2	(2	triangles)
• 𝑞>D ≃ ⁄1 2𝛾
• 2nd order for 𝛾 < ∞
• 3rd order in 𝛾 → ∞
• slightly asymmetric (consistent to the dual description)

Preliminary



Triangle-Square
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• RNAK=2	(triangle	and	square)
• there	is	an	intermediate	phase
• 𝑞>'D ≃ ⁄1 2𝛾, 𝑞>)E ≃ 1/2𝛾
• c1: 3rd order for all 𝛾
• c2: 2nd order for 𝛾 < ∞, 3rd order in 𝛾 → ∞
• slightly asymmetric (consistent to the dual description

Preliminary



Tetrahedron
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• RANK=3	(3	triangles)
• 𝑞>D ≃ ⁄1 4𝛾
• 2nd order for all region of 𝛾
• This is due to the difference of the number of the fundamental 

cycles and the number of the cycles of the minimal length.
• symmetric around s=1/2 (consistent to the duality)

Preliminary



Conclusion
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• We have constructed the FKM model on the graph.

• The effective action of the FKM model is written by unitary matrix 
weighted graph zeta function.

• The FKM model reduces to Wilson’s lattice gauge theory when the graph is 
a lattice. 

• The FKM model has a strong/week coupling duality because of the 
functional relation of the graph zeta function.

• The FKM model enjoys the GWW phase transition in large 𝑁6

• The phase structure of the FKM model depends on the structure of the 
fundamental cycles of the graph. 



Future works
• Analytical description of the intermediate phases? 

• Continuum limit?

• dynamical fermions?

• Physical meaning of the Riemann’s hypothesis of graph zeta function 
or Ramanujan graph?

• Can graph zeta function be an observable of SUSY gauge theory on 
the graph?

• Relation to other zeta functions?
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