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Introduction (4 pages)

1. Introduction

Main focus
FZZT brane partition function in (2, p) minimal string M(p), p € 2N - 1

@ M(1) < Topological gravity (Witten-Kontsevich)
o M(3) < Pure gravity
0 M(o0) < Jackiw-Teitelboim (JT) gravity (2D dilaton gravity)

3 approaches (recursion relations) in this talk
1. Chekhov-Eynard-Orantin topological recursion (CEO TR)
(“B-model/matrix model, complex geometry”)

2. Andersen-Borot-Orantin topological recursion (ABO TR)
(“A-model, symplectic geometry”)

3. Virasoro constraints/quantum Airy structure (“Algebra”)

o 1, 2 are recursions on worldsheet genus, and 1 < 2 (Laplace dual)

@ 1or2 = 3 (all genus generating function)
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Introduction (4 pages)

(2, p) minimal string =
Liouville CFT + (2, p) minimal CFT + bc-ghosts

o Liouville CFT
1 Q
Stk = [ 4= 0a00% + 1= Ao+ e

The central chargeis ¢, =1+6Q% Q=b+b".
@ (2,p) minimal CFT has the central charge

_;_8(p-2)°
p )

(e.9. cu(p=1)=-2,cu(p=3) =0, cu(p = o) = —o0)
and the conformal anomaly cancellation ¢; + ¢y = 26 leads to

cu=1-6(b-b")2 b=./2/p.
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Introduction (4 pages)

FZZT brane

The Liouville CFT admits FZZT branes (boundary condition)
parametrized by the boundary cosmological constant ug in
[Fateev-Zamolodchikov-Zamolodchikov, Teschner '00]

Q
Sboundary = AZ I:E K¢+ up eb¢]

The marked disk partition function defines the spectral curve y = y(x):
8#32(“5) = (Cebd))djsk ~ y(X = NB)

(2, p) minimal string spectral curve
[Seiberg-Shih '03, Saad-Shenker-Stanford *19]

2.2
x(z) = %Zz, y(z) = 21—7TSin (garccos(1 = 87;22 ))

Yo1(2) = 2, Yp-3(2) = 2= 167223/27, Yp-oo(2) = sin(27Z) /27
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Introduction (4 pages)

Dual 1-matrix model interpretation of (2, p) minimal string

Hermitian N x N 1-matrix models are toy models of 2D quantum
gravity, and actually the correspondence

a,lLBZ(/’LB) = (Cebo>disk < Jim = <TrX = M>Matrix : }/(X)

provides a matrix model method to compute FZZT brane partition
functions with higher genus/multi-marked point topology by CEO TR
only from the spectral curve input.

@ The spectral curve y = y(x) in the matrix model interpretation
encodes the eigenvalue density p(x):

y(x) ~p(x) = l\llim 1N<Tr5(x— M) patric » X € {set of cuts}

@ The parameter x = g is the deformation parameter of the FZZT
brane, and then the spectral curve y = y(x) describes the moduli

space of the brane.
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Contents
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Chekhov-Eynard-Orantin topological recursion (10 pages)

2. CEOTR

Hermitian N x N 1-matrix model

N " |
Z = f dMe_NTrV(M) ~ ‘/I;Ng d)\e (H()‘l _ )\j)z)e_sz—1 V()\,)’

i<j

where V(x) = ¥ 50 gnX".

o We are interested in the (connected) correlators

W(xi,....Xn) = (O(x1)~O(Xh) Vi » O(X) = Tr

Matrix °

1
x-M
o The large N expansions (worldsheet genus expansions):

logZ ~ > N?729F, W(x1,...,xn) ~ > N2297 MW, 1 (xq, ., xp)
g>0 g>0
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Chekhov-Eynard-Orantin topological recursion (10 pages)

Proposition [Eynard '04]
The matrix model loop equation

. [Tdx 3o [—1 O(x1)-+-0(xn) (H(A,- - A/>2)e-NZf”-1 V“")] =0
RV i3 XA

i<j
is rewritten as the CEO TR defined below.

Spectral curve (input) C = (C; x, y, B)

consists of a Riemann surface C, meromorphic functions
x=x(z),y =y(z),z e C such that the zeros of dx are simple and
different from zeros of dy, and a bidifferential B on C®2 which is
defined to be holomorphic except z; = z, and

dx(z1)®dx(2) .
(x(21)-x(22))?

Q 9§AIB(Z1,22) =0, i=1,...,# genusof C

0 B(zy,20) ~ (holomorphic) for zy — 2o
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Chekhov-Eynard-Orantin topological recursion (10 pages)

CEO TR [07]

For C = (C; x,y, B), the CEO TR defines meromorphic multidifferentials
wg,h(Z1 e ,Zh) = Wgth()ﬁ S ,Xh)dZ1 ® - th, (g7 h) 5= (0, 1 ), (0,2) by

wg,he1(2,21) = > Res 2 Ju B(.2) [w 1,2 (W, W, Z1)
97 s Y - 177 77 g7 b Hr ) b
aeRam(zeros of dx) w=a y(W)dX(W) - y(W)dX(W)
no (0,1)
T Z Wy 14114 (W ZH, ) Way 141y (W, sz)]
91+t92=9
HyUHp=H

where wg » = B, and w is the conjugate point of w near a. ¢ Ram.

@ The annulus amplitude is given by Ws 2(21, 22)dzi ® dz = B(z1, 22) - %

Graphical representation

z Pl eeeas 2 A T 2 z
= + ¥
= LJ
g g-1
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Chekhov-Eynard-Orantin topological recursion (10 pages)

The genus g free energies Fg;» are also determined by

Fro= g5 2 Bes( [ y(@)dx(2)) g (w),

w=
eRam"’=%

and Fy, F; are separately obtained.

The CEO TR determines wgy , from wg 1 = ydx and wg 2 = B, recursively,
on-xy=2g-2+h:
(9.h)=(0,1).(0,2) —(0,3),(1,1) — (0,4),(1,2)
—(0,5),(1,3),(2,1) — (0,6),(1,4),(2,2)
- (077)7 (1a5)a (233)7 (3)1) —
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Chekhov-Eynard-Orantin topological recursion (10 pages)

E.g.

UJ1,1(Z): Z I}S}Sé K(Z,W)waz(W,W)

aeRam ™~

w073(2721722): Z 592 K(Z, W) 2wO72(W,Z1 )WOQ(W,ZQ)
aeRam ™~

UJ1,2(Z, Z1 ) = Z IVSEEQS K(Z, W) [qus(W,W, Z1 ) + w11 (W)WO’Q(W, Z4 ) + w11 (W)WO,Q(W, Z4 )]
aeRam ™
wo,4(2,21,22,23) = ). Res K(z,w)[wo3(W,21,2Z2)wo2(W, Zs)
aeRam =%
+wo,3(W, 21, Z3)wo,2(W, 22) + wo,3(W, 22, 23 )wo .2 (W, Z1) + (W < W)]

w2,1(z) = Z BPS K(Z, W) [UJ1,2(W,W) +w1,1(W)w171 (W)]
aeRam V=%

Here _
_ 5 Jo B(-2)
y(w)dx(w) - y(w)ax(w)

K(z,w)

is the recursion kernel.
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Chekhov-Eynard-Orantin topological recursion (10 pages)

The CEO TR provides an framework to quantize 2D gravity and is
applicable to enumerative problems as:
@ certain intersection numbers on the moduli space of Riemann
surfaces (topological gravity);
o the Weil-Peterson volumes of moduli spaces of bordered Riemann
surfaces (JT gravity);
o topological string amplitudes on local toric Calabi-Yau 3-folds with
certain branes (remodeling the B-model);
@ and so on...
Remark that the CEO TR can be applicable even when we have no
matrix model description, and what we need is only an initial input
C=(C;x,y,B).
In the following, C = P! is assumed.
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Chekhov-Eynard-Orantin topological recursion (10 pages)

Example: Topological gravity (Witten-Kontsevich)
The spectral curve C*, referred to as Airy spectral curve, is

dZ1 ® de

X(z)zlzzv y(2)=2z (%yzzx), B(z1,22):(z1_22)2

2

@ C*is obtained from the Gaussian spectral curve 1y2 = x2 - ¢, for the
Gaussian matrix model with potential V(x) = x2, by a scaling limit (“a
constant shift of x” + “zooming in to a branch point”).

@ The CEO TR for C* computes intersection numbers

A _ A0 gl az;
wgn(21,-..,2n) = Z F ..... ®i=1 —3g+2>
di,...,dp20 Z;

h

F9 2d,+1 I q/;d* W [ d=3g-3+h|,
..... h .1
i=

where My p is the compactlfled moduli space of stable curves of genus
g with h marked points, and v is the first Chern class of the line bundle
over Mg » with the fiber over the ith marked point.
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Chekhov-Eynard-Orantin topological recursion (10 pages)

E.g. (zeros of dx(z) = d (2%/2) = zdz: z = 0)

az 1

wii(21) = 874
;
dZ,'

A 3
wo.,3(21,22,23) = ®j_1 >

2.5 3 dz;
A 2 i
w1,2(21722):(2 a4 T a2 2) i=1 5
=8z 8z7z; z
43 az,
A 4 i
wo,4(217' 24) = (Z 7) i=1 T3
i=1 Zj i
A (21) 105dz
w2,1(21) =
, 1282]0
515 18 az;
A 5 i
wos(21,28) = | D+ Y 5 | Ok —
i1 4 1<igs &g Zj
3. 35 15 9 az;
A 3 i
wia(21,2,28) =\ Xast 2 et 1.7 | O 2
i718Z) 17 dZiz;  4z7Z;25 2
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Chekhov-Eynard-Orantin topological recursion (10 pages)

For applying the CEO TR to the (2, p) minimal string spectral curve CM®:

1 1. 8r?z? dzy ® d.
X(z):Ezz, y(z):gsm(garccos(1— 7;)22 )), B(Z1722):ﬁ’

the following proposition can be used.

Proposition v [Dunin-Barkowski-Orantin-Shadrin-Spitz '12]

For the KdV spectral curve ¢*¢V:
1 2 d dZ1 ® ng
- - B s o
X(Z) 22 ) }/(Z) Z+£%:2udz ) (21722) (21_22)27
the CEO TR computes
az;
@)= T PO o, S
dy ..., dp=0 Z;

and then

kav(g) _ « (=17 I WNe
Fd1,....d,7 - Z m! Z H 2b +1 Fd1,...,dh,b1,...,bm7
by,..bm=2 \j=1 <5

where the sum over m and by satisfies 3.7, di =3g -3+ h+m- X, b;.
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Chekhov-Eynard-Orantin topological recursion (10 pages)
In particular, for cM®:

p+1

0.,2)d-1 d-1 2j_1)2 3
y(2)=z+ Z WHP _%)sz "

"=

we have J
M(P)(zh“.,zh): Z FM(p)<9> o, 2dzj-2’
dy,ndp20 z
and
Fal &)
(D" mo (2 ”"1( <2i—1>2) A©)
= 1- F
mzzzo m! b1,UZ,t:7mzz E(ij+1)!!(bj71)!g P2 dyy...ydpy,bys... bm
h 2\b b 2
(=27%) ( ( (2k-1) )) b+1) d d
= 2d;+ D)) [ exp| - 1= 7 1.0
(T1cea=on) [ (-2 S5 (11(1- S50 ) oottt

minimal string boils down to the computation for the (2, 1) minimal string (topological

By this formula, the computation of the FZZT brane partition functions in the (2, p)
gravity). |
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Andersen-Borot-Orantin topological recursion (3 pages)

Contents

@ Andersen-Borot-Orantin topological recursion (3 pages)
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Andersen-Borot-Orantin topological recursion (3 pages)

3. ABO TR

ABO TR [17]

For initial data

A(Ly, Lo, L), B(Li, L, £), C(Li,¢, El)a D(0),
the ABO TR defines a volume polynomial Vy x(L+,..., L) with2g -2+ h> 0, on the
moduli space Mg n(Li, ..., Ls) of connected bordered Riemann surfaces of genus g
with h boundaries of lengths L4, ..., Ly, by

h
vg,m(L,LH):Zf]R B(L, L, €) Vg (£, Liremy) €02
m=1 +

1 - , o
2 fRi C(L, 4, €') Pgna1 (€, L) €' dedl’,

where
no(0,1),(0,2)

Pg«,h+1 (€7£l7 LH) = Vg—1,n+2(£7€,7 LH) + Z Vg1 ,1+|H1|(£: LH1 ) Vg2,1+|H2|(Z/7 LH2)7
91+92=g
H:uHizH

Vos(Li, Lo, L3) = ALy, Lo Ls), Via(L) = VD(L) = [ D(o) djawe(o)
1,1(L4
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Andersen-Borot-Orantin topological recursion (3 pages)

@ The ABO TR is a generalization of the Mirzakhani’s recursion ['06, '07] with

72
WP _ WP
A" (Ly, L, Ls)=1, VD (L1)——12+48L17

L
BW"(Lth,e):if ‘(HWP(z,t+L2)+HWP(z,t—L2))dt,
1 0

L
CW"(L1,4,4’):Llf "HY (00t
1 J0
1 1

WP(X7 y) = ﬂ + m 7
1+e2 1+e2
for the Weil-Petersson volume
h L2
Vb (Ly, ..., Lp) = expw'’ = [i exp (27r2/<;1 + —'w-),
an ) Mg.p(Lisensln) Mg.h ,; 2

where w"" is the Weil-Petersson symplectic form, and « is a tautological class
on Mg, defined by considering a forgetful map m: Mg p.1 — Mg s for 92, ;.
O A Laplace transform of V,'F: [Eynard-Orantin '07]

h
Wg\,//l:(zh'-wzh): Ah Vg}:(Lh.,,’[_h)e_z?ﬂziLf HLIdLI
* i=1

is shown to give the CEO TR correlator for x(z) = 2%/2, y(z) = sin(2nz) /2.
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Andersen-Borot-Orantin topological recursion (3 pages)

By inverting the Laplace transforms
h h
M('D)(Z17 ce ,Zh) = fh V;{f(,p)(h, 000y Lh) e_z"=‘ Ly H L,‘dL,'
RY ’ i=1

for the (2, p) minimal string correlators ngﬁp), we find that V;‘,ﬁp) are obtained for
the initial data:

2
M(p) _ MP) gy T _l)
AP ([, 1, 15)=1, VD (L1)_12(1 p2 48L1,
IL
BM<P>(L1,L2,4):Lf (MOt L) + P (4,1 L)) o,
2L1 0

L
CM(”)(L1,€,€’):Llf "HM®) (04 ¢! tat,
1 0

(p-1)/2

HM(p)(XJ/) N Z (_1 )f cos(%j) (e—u,-(x+y) 0(x + y) o e—u,-(x—Y) 6(x - ,V)>

=1
(p=1)/2

G 1)’cos( )(“J‘X*”e( x-y) + 19D g(y - x)),

where u; = £ sm( ) and 6 is the Heaviside step function.
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Virasoro constraints (4 pages)

4. Virasoro constraints

Assume that the volume polynomials are expanded as

( ) h L2d
Vgn(Ly,...,Lp) = g
97’7( 15 ’ h) 2170 AAAAA th(2d+1)|7

or equivalently, by the Laplace transforms
ho h
Wg’h(Z1 S Zh) = [R” Vg'h(L1 ey Lh) e Zit L H L;dL;,
+ i=1

assume
h A
Wg,h(Zh...;zh) = Z F(g.)...,dh H‘zzdi+27

dy,...,dp20 i=1 £;
the ABO TR (CEO TR) gives

(9) B F(Q)
dm,b -
dd1, e/ mZ:1bZ>(:) m b,dy,...,dm,-.-,dp
] Flo-) POROD gy e
) > cs ( a,b,0;,....dp > Fd,JH1 Fb,sz
a,b20 91+92=9
HyUHp=H

2023 @ T:

kih
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Virasoro constraints (4 pages)

Here B3} ,,C3', are defined by

22 Lza1 Lza2
fR+B(L1,L2’Z)(237 1Z;>oBaza(2a T (2a+ )

/22 g1?b L2a1
fRa C(Ls,6,€) (2a+ 1) (2b+1)! tededt’ = agocab (2a; +1)!

Considering the all genus generating function

T T R )

Z(h;t) = exp
g>0,n>1 dq,...,dn>0
one finds (from the ABO TR):

Proposition [Kontsevich-Soibelman, Andersen-Borot-Chekhov-Orantin '17]

IkZ(h-t):o. k>-1,
1 P
ak+1 +— h2 S A taty+ = > B 8+ — S ChY 9.0 + ka+‘,

a,b>0 a,b>0 4 a,b>0

N

where A3l , = F%, ...D% = F{".
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Virasoro constraints (4 pages)

Example: Topological gravity (Witten-Kontsevich)
The T« operators for the topological gravity are
[Fukuma-Kawai-Nakayama, Dijkgraaf-Verlinde-Verlinde *1991]
L——ff) +Z(a+1)t8 +E > 0a0b+ 5 L 6k 1+-—96
k = k+1 & D) aUa+k 4 s aUb 4h2 0 Ok,-1 16 k,0,
a+b=k-1
and satisfy the Virasoro relations
[LkL2] = (k- O Tkee,  k,£>-1.
Then the Virasoro constraints lead to [Alexandrov '10]
AZA=0 ~ ZMxhixt) = S XK ZP(ht) =T,
k>0
where the cut-and-join operator W* is
a1 H? £t
Ww*" = g a%;O (23 +1 ) (2b+ 1 ) tatb6a+b_1 aF g a%;g (28 +2b+ 5) ta+b+2858b aF W A g
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Virasoro constraints (4 pages)

Proposition v for the KdV spectral curve, with y(2) = z + ¥ 4.5 Uy2%, leads to:

Proposition

The generating function of F;?Y.(%i’

_ Kdv(g) ldi g
ogZ(hty - ¥ pet 3 R S
9>0,n>1 dy,...,dr>0 n

|d|<8g-3+n

is obtained just by shifting the variables in Z* as

Uzg-1

d—m fOrde

i —

This proposition can be used to compute the FZZT brane partition functions in
the (2, p) minimal string by the Virasoro constraints for the topological gravity.
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Conclusion (1 page)

5. Conclusion

Conclusion

o Applied and formulated the CEO TR, ABO TR, and Virasoro
constraints for the (2, p) minimal string.

@ We can similarly consider the supersymmetric analogue of the
(2, p) minimal string.

o We can also include a massless scalar field on the Riemann
surface (mathematically related to “Masur-Veech type twist”).

Some outlooks
o Other models including general (p, @) minimal string?

o Non-perturbative aspects of the CEO TR and ABO TR
(resurgence and large genus expansion)?
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