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Summary

• A diffusion model for sampling in lattice gauge theory (LGT) was proposed.

– Stochastic quantization was incorporated as physics conditioned sampling

→ Enabling to sample configurations with different couplings

• Applicability of the proposed sampler was demonstrated for 2D U(1) theory.

– No topological freezing problem

– Can be used for different lattice sizes and couplings without further training

– More efficient sampling of topological quantities compared to HMC and Langevin
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Motivation

• Traditional LGT sampling (e.g., HMC, Langevin) suffers from:

– Critical slowing down

– Topological freezing

• Diffusion models:

– random samples  -- (denoising) --> samples following a target probability distribution

• Develop a diffusion model to overcome the problem above 
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Topological charge in 2D U(1) theory
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Diffusion models
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• Forward process:

– Add noise through stochastic differential equation (SDE):  
𝑑𝜙

𝑑𝜉
= 𝑓 𝜙, 𝜉 + 𝑔 𝜉 𝜂 𝜉

– 𝑓: drift term → set to zero in this study

– 𝜂: noise term following 𝜂 𝜉 𝜂 𝜉′ = 𝛿(𝜉 − 𝜉′)

– 𝑔: diffusion coefficient → choose 𝑔 𝜉 = 𝜎𝜉 in this study → transition probability: Gaussian

• Reverse process:

– Denoise through reverse SDE: 
𝑑𝜙

𝑑𝑡
= 𝑓 𝜙, 𝑡 − 𝑔2 𝑡 ∇𝜙 log 𝑝𝑡(𝜙) + 𝑔 𝑡 ҧ𝜂(𝑡)

– ∇𝜙 log 𝑝𝑡(𝜙) : unknown →model a score function 𝑠(𝜙, 𝜉) with deep neural networks
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Denoising score matching objective

• Minimize the loss function

ℓ 𝜃; 𝜉 ≡
1

2
𝔼𝑝𝑑𝑎𝑡𝑎 𝜙 𝔼෩𝜙∼𝒩 𝜙,𝜎𝜉

2𝐼
𝑠𝜃 ෨𝜙, 𝜉 + ∇𝜙 log 𝑝𝜉 𝜙𝜉|𝜙0 2

2

=
1

2
𝔼𝑝𝑑𝑎𝑡𝑎 𝜙 𝔼෩𝜙∼𝒩 𝜙,𝜎𝜉

2𝐼
𝑠𝜃 ෨𝜙, 𝜉 +

෨𝜙 − 𝜙

𝜎𝜉
2

2

2

ℒ 𝜃; 𝜉𝑖 𝑖=1
𝑁𝑇 ≡

1

𝑁𝑇
෍

𝑖=1

𝑁𝑇

𝜆 𝜉𝑖 ℓ 𝜃; 𝜉𝑖 , 𝜆 𝜉 = 𝜎𝜉
2

→

෩𝜙−𝜙

𝜎𝜉
∼ 𝒩(0,1) and 𝜎𝜉𝑠𝜃 𝜙, 𝜉

2
∝ 1

→ order of magnitude of 𝜆 𝜉 ℓ 𝜃; 𝜉 : independent of 𝜉
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 𝑝𝜉: Gaussian

𝜃: learnable parameters
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Neural network architecture

• U-Net Architecture

– Encoder: convolutional layers

– Decoder: transposed convolutional layers
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convolution

deconvolution

Lattice size can be changed.
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Metropolis-Adjusted Annealed Langevin Algorithm (1)

• Stochastic quantization (Parisi-Wu)

→Well trained model: 𝑠෡𝜃 𝜙 𝑥, 0 , 0; 𝛽 ≃ −
𝛿𝑆 𝜙;𝛽

𝛿𝜙

• Physics-conditioned sampler

– In case 𝑆 𝜙; 𝛽 = 𝛽 ሚ𝑆(𝜙), e.g., pure gauge, reference 𝛽0 can be replaced to target 𝛽

→ Fix the drift term to −
𝛽

𝛽0
𝑔2 𝑡 𝑠෡𝜃(𝜙𝑡, 𝑡)
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Cf. reverse denoising process
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Metropolis-Adjusted Annealed Langevin Algorithm (2)

• To ensure that a Markov chain has the correct stationary measure, introduce Metropolis-
Hastings tests during the final steps
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Metropolis-Adjusted Annealed Langevin Algorithm (3)
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Numerical experiments

• 2D U(1) theory

• Inverse coupling

– 𝛽 = 1.0, 3.0, 5.0, 7.0, 9.0, 11.0

• Lattice size

– 𝐿 × 𝐿 = 8 × 8, 16 × 16, 32 × 32
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Generation at different lattice sizes (𝜷 = 𝟏)
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Generation in the topology frozen region (𝜷 = 𝟕)
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Generation at different lattice sizes and couplings
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