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Abstract

A new tensor network renormaliza2on group scheme is proposed based on some 
global op2miza2on. Thermal phase transi2on in the (2+1)D model is inves2gated 

via the CFT data. Their method seems useful to locate not only the thermal 
transi2on points, but also the quantum cri2cal point at vanishing temperature
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Tensor renormaliza-on group (TRG)

⚫ TRG allows us to approximately compute par44on func4ons of la7ce theories
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FIG. 1. (Color online) Three key steps of the Loop-TNR
algorithm. (a) The entanglement filtering step. Projectors
are inserted to eliminate local entanglements on the squares
labeled with grey circles (see (g) for details). (c) The loop
optimization step. Each of the shaded squares is deformed to
a octagon made up of 8 rank-3 tensors with bond dimensions
no greater than �. The best approximation is found by mini-
mizing the cost function in (h). (e) The same coarse graining
step as in the standard LN-TNR algorithm. (h) The cost
function of the loop optimization can be regarded as the dis-
tance between two MPS wave functions. The well-developed
variational MPS method is applied to minimize the cost func-
tion.

cal entanglement on a loop and determine the correct
structures of fixed-point tensors. However, Loop-TNR
significantly improves the numerical stability and accu-
racy of the renormalization group (RG) flow, especially
for critical systems. The following illustrates the three
main steps of the Loop-TNR algorithm. The first and
last steps are exact, and the second is approximate. The
method is discussed with regards to a square lattice, but
generalizations to other lattices are straightforward.

The Loop-TNR methods begins with an entanglement
filtering step [Fig. 1(a) and (g)] with two important fea-
tures. First, it provides a canonical gauge for every ten-
sor, and filters out the local entanglement of o↵-critical
systems. More specifically, two projectors are inserted
on each bond shown in Fig. 1(g). These projectors are
constructed in an iterative way based on QR decompo-
sitions [62]. Subsequently, the tensors are redefined by
combining the original tensors with the nearest projec-
tors [see Fig. 1(g)] to complete the filtering step. In the

Supplemental Materials, we show that this approach can
completely remove the CDL tensors. Thus, for o↵-critical
systems containing CDL tensors (with gauge transforma-
tions), our method can simplify the tensors and reduce
the bond dimensions. Although there is no bond reduc-
tion in critical systems, the canonical gauge provided by
this method can enhance the performance of the follow-
ing step. This step is quite e�cient because the overall
computational cost scales as O(�5), where � is the bond
dimension of the tensor.

In the next step the tensor network must be deformed
from a square lattice to a square-octagon lattice [see
Fig. 1(c)], as in the LN-TNR algorithm. However, ap-
proximations are necessary to avoid increasing the bond
dimensions of the octagons. In the LN-TNR algorithm,
this is achieved by minimizing the following single-site
cost functions:
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The optimal S values are found using SVD and keep-
ing only the largest singular � values. Here, “·” means
tracing over the indices of connected bonds.

The Loop-TNR algorithm uses an alternative method
to reduce the bond dimensions. First, we define a cost
function on the small patch shown in Fig. 1(h), i.e.,

f = ||T1 ·T2 ·T3 ·T4�S1 ·S2 ·S3 ·S4 ·S5 ·S6 ·S7 ·S8||
2 (1)

where the shaded square is deformed to an octagon. Since
the cost function is now defined on a loop, we can remove
the short-range entanglement inside this loop and signif-
icantly improve the accuracy, especially for critical sys-
tems. Furthermore, there is an e�cient way to find the
optimal S tensors by viewing each patch as a wave func-
tion made up of matrix product states (MPS) with peri-
odic boundary conditions. The eight dotted lines shown
in Fig. 1(h) are the physical legs of the MPS, and the
solid lines are the virtual legs of the MPS. Minimizing the
cost function is equivalent to minimizing the distance be-
tween two MPS. Thus, S tensors can be optimized using
the well-developed variational MPS method [2, 29, 62].
The computational cost of this step scales as O(�6). The
final step is the same as that of the LN-TNR algorithm.
As shown in Fig. 1(e), a coarse-grained square lattice is
obtained by contracting the tensor over the inner indices
within the circles. The overall computational cost of all
the steps only scales as O(�6), which is significantly more
e�cient than other improved LN-TNR methods, such as
SRG/HOSRG algorithms (O(�7) ⇠ O(�10) [45–47]), and
EV-TNR algorithms (O(�7) [55] and O(�6) [56, 63]). Be-
low, we demonstrate the advantages of the Loop-TNR
algorithm using the classical Ising model on a square lat-
tice.

⚫ Based on local approxima4ons

Levin-Nave, PRL99(2007)120601
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Tensor network renormaliza-on (TNR)

⚫ TNR also computes par44on func4ons, removing some redundancy in TN rep. 

⚫ A bit larger cost func4on than that in TRG
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FIG. 1. (Color online) Three key steps of the Loop-TNR
algorithm. (a) The entanglement filtering step. Projectors
are inserted to eliminate local entanglements on the squares
labeled with grey circles (see (g) for details). (c) The loop
optimization step. Each of the shaded squares is deformed to
a octagon made up of 8 rank-3 tensors with bond dimensions
no greater than �. The best approximation is found by mini-
mizing the cost function in (h). (e) The same coarse graining
step as in the standard LN-TNR algorithm. (h) The cost
function of the loop optimization can be regarded as the dis-
tance between two MPS wave functions. The well-developed
variational MPS method is applied to minimize the cost func-
tion.

cal entanglement on a loop and determine the correct
structures of fixed-point tensors. However, Loop-TNR
significantly improves the numerical stability and accu-
racy of the renormalization group (RG) flow, especially
for critical systems. The following illustrates the three
main steps of the Loop-TNR algorithm. The first and
last steps are exact, and the second is approximate. The
method is discussed with regards to a square lattice, but
generalizations to other lattices are straightforward.

The Loop-TNR methods begins with an entanglement
filtering step [Fig. 1(a) and (g)] with two important fea-
tures. First, it provides a canonical gauge for every ten-
sor, and filters out the local entanglement of o↵-critical
systems. More specifically, two projectors are inserted
on each bond shown in Fig. 1(g). These projectors are
constructed in an iterative way based on QR decompo-
sitions [62]. Subsequently, the tensors are redefined by
combining the original tensors with the nearest projec-
tors [see Fig. 1(g)] to complete the filtering step. In the

Supplemental Materials, we show that this approach can
completely remove the CDL tensors. Thus, for o↵-critical
systems containing CDL tensors (with gauge transforma-
tions), our method can simplify the tensors and reduce
the bond dimensions. Although there is no bond reduc-
tion in critical systems, the canonical gauge provided by
this method can enhance the performance of the follow-
ing step. This step is quite e�cient because the overall
computational cost scales as O(�5), where � is the bond
dimension of the tensor.

In the next step the tensor network must be deformed
from a square lattice to a square-octagon lattice [see
Fig. 1(c)], as in the LN-TNR algorithm. However, ap-
proximations are necessary to avoid increasing the bond
dimensions of the octagons. In the LN-TNR algorithm,
this is achieved by minimizing the following single-site
cost functions:
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The optimal S values are found using SVD and keep-
ing only the largest singular � values. Here, “·” means
tracing over the indices of connected bonds.

The Loop-TNR algorithm uses an alternative method
to reduce the bond dimensions. First, we define a cost
function on the small patch shown in Fig. 1(h), i.e.,

f = ||T1 ·T2 ·T3 ·T4�S1 ·S2 ·S3 ·S4 ·S5 ·S6 ·S7 ·S8||
2 (1)

where the shaded square is deformed to an octagon. Since
the cost function is now defined on a loop, we can remove
the short-range entanglement inside this loop and signif-
icantly improve the accuracy, especially for critical sys-
tems. Furthermore, there is an e�cient way to find the
optimal S tensors by viewing each patch as a wave func-
tion made up of matrix product states (MPS) with peri-
odic boundary conditions. The eight dotted lines shown
in Fig. 1(h) are the physical legs of the MPS, and the
solid lines are the virtual legs of the MPS. Minimizing the
cost function is equivalent to minimizing the distance be-
tween two MPS. Thus, S tensors can be optimized using
the well-developed variational MPS method [2, 29, 62].
The computational cost of this step scales as O(�6). The
final step is the same as that of the LN-TNR algorithm.
As shown in Fig. 1(e), a coarse-grained square lattice is
obtained by contracting the tensor over the inner indices
within the circles. The overall computational cost of all
the steps only scales as O(�6), which is significantly more
e�cient than other improved LN-TNR methods, such as
SRG/HOSRG algorithms (O(�7) ⇠ O(�10) [45–47]), and
EV-TNR algorithms (O(�7) [55] and O(�6) [56, 63]). Be-
low, we demonstrate the advantages of the Loop-TNR
algorithm using the classical Ising model on a square lat-
tice.

Evenbly-Vidal, PRL115(2015)180405
Yang+, PRL118(2017)110504
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FIG. 2. (Color online) Comparison of the relative errors of
the free energy per site computed using LN-TNR and Loop-
TNR. Results were obtained on a square lattice with 250 spins.
(a) Relative error as a function of bond dimension � at the
critical point. (b) Relative error as a function of temperature
for o↵-critical Ising models.

Classical Ising model The partition function of the
2D classical Ising model is given by Z =

P
{�} exp

(�
P

hiji �i�j). It can also be expressed as the contrac-
tion of a 2D tensor network with � = 2 [38]. In this
model, the spins are localised on the links of the square
lattice. Each local tensor T = T

Ising
u,l,d,r has the following

nonzero components:

T
Ising
1,2,1,2 = e

�4�
, T

Ising
2,1,2,1 = e

�4�
, T

Ising
1,1,1,1 = e

4�
,

T
Ising
2,2,2,2 = e

4�
, others = 1. (2)

The first step is to compute the free energy of this
model with 250 spins, so that it saturates to the value of
the thermodynamic limit. Fig. 2 shows the relative error
of the free energy per site at and away from the criti-
cal temperature Tc. At the critical point [see Fig. 2(a)],
the error of Loop-TNR decays much faster than the er-
ror of LN-TNR. When �  16, the error of Loop-TNR
decays almost exponentially with �. This demonstrates
a significant improvement over LN-TNR. In Fig. 2(b),
the errors of Loop-TNR remain almost constant for all
temperatures near the critical point. When � = 8, Loop-
TNR has an accuracy in the order of 10�7. At the same
point LN-TNR has an accuracy of 10�4

⇠ 10�5. Other
improved methods, such as SRG and HOSRG [45–47],
can reduce the error by up to three orders of magnitude
at o↵-critical conditions, but by only one order of magni-
tude at criticality. The recently proposed EV-TNR algo-
rithm [55] can achieve the same accuracy with the same
“e↵ective” bond dimensions in the octagon (but a larger
overall bond dimension [62]). However, Loop-TNR has a
lower computational cost than EV-TNR.

After applying several steps of Loop-TNR, we obtain
an approximate fixed-point tensor with proper normal-
ization and gauge fixing, which encodes the low-energy
physics of the critical system. To prevent gauge fixing at
the final step, C4 lattice symmetry may be imposed on
the RG flow. This produces a single rank-3 tensor that
is approximately invariant at criticality [62].

(g) (h) L = 4L = 2

FIG. 3. (Color online) Comparison of central charge and scal-
ing dimensions for LN-TNR and Loop-TNR at di↵erent itera-
tion steps. The red dotted line denotes the central charge, the
blue (light grey) solid lines denote the scaling dimensions in
the Z2-odd sector, and the black solid lines denote the scaling
dimensions in the Z2-even sector. In the L = 2 (L = 4) case,
a transfer matrix is constructed using two (four) columns of
tensors [shown in (g) and (h)]. The central charge and scal-
ing dimensions are determined from the eigenvalues of the
transfer matrix [8].

As proposed in Ref. [8], the transfer matrix shown in
Fig. 3(g) can be constructed, and the central charge and
lowest scaling dimensions determined from the eigenval-
ues of the transfer matrix. When � = 24 and with 218

spins, these conformal data have extremely high accura-
cies(up to five digits):

c h1 h2 h3

Loop-TNR: 0.500001 0.1250001 1.000006 1.124994

EV-TNR: 0.50001 0.1250004 1.00009 1.12492

Exact: 1/2 1/8 1 9/8

For comparison, the central charge and the scaling di-
mensions obtained using EV-TNR under the same con-
ditions are given [55] (Here � denotes the largest bond
dimension used in that scheme).

In addition to improving the accuracy of the central
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FIG. 1. (a) The objective of optimization during tensor de-
compositions for TRG and TNR. TNR improves the accuracy
by incorporating a larger unit cell. (b) Global TNR decom-
poses tensors to minimize the di↵erence of the whole tensor
networks. (c) A pictorial definition of �A. It is defined as a
di↵erence of the eight-leg tensor. (d) The di↵erence of the
whole tensor network �f is approximated by the expectation
value of the error with respect to the environment computed
from CTMRG to first order.

the error in the local approximation. This procedure is
illustrated in the top-left panel of Fig. 1.

TNR can be viewed as a generalization of the local
approximation in TRG to a two-by-two unit cell. This
extension yields more accurate approximations for larger
system sizes and improves the overall precision of the
tensor network contraction as it incorporates the crucial
feature of entanglement filtering. When using two-by-
two unit cells, redundant loop-like degrees of freedom
can appear on the plaquettes formed by the four tensors.
These structures are known as corner double line (CDL)
tensors. Gu and Wen proposed a way to remove these de-
grees of freedom called entanglement filtering [15]. Other
prominent TNR algorithms, like Loop TNR, also include
an entanglement filtering step [18]. TRG fails to remove
these non-universal, short-range contributions . From the
renormalization group perspective, such CDL structures
encode short-scale physics and should be systematically
removed during the coarse-graining process. This is pre-
cisely what TNR achieves.

Despite their advantages, most TNR schemes still rely
on local optimization. Just as DMRG improves upon
NRG by incorporating the global environment, TNR can
be further enhanced by considering the full tensor net-
work during decomposition. The key idea is to minimize
the global error introduced when decomposing a tensor,
as illustrated in the top-right panel of Fig. 1. In this
setup, we extend beyond a two-by-two unit cell, with the
surrounding tensors indicated by dotted lines.

Unfortunately, evaluating the full contraction di↵er-
ence exactly is intractable. Instead, we perform a Taylor

TABLE I. The free energy of the classical 2d Ising model at
T = Tc compared with the exact solution.

�f TRG GTRG CTMRG Loop TNR Current work
Ising 9.8 · 10�6 6.9 · 10�7 2.7 · 10�7 3.5 · 10�8 8.5 · 10�10

FIG. 2. The CFT spectrum obtained from the transfer matrix
spectrum of the classical Ising model at critical temperature.
The red and blue crosses, respectively, correspond to the cen-
tral charge and scaling dimensions.

expansion of the global error with respect to the variation
in the two-by-two unit cell, denoted by �A. In the infinite
system limit, the first-order term in |�A| corresponds to
the expectation value (i.e., the one-point function) of �A,
which can be e�ciently approximated using environment
tensors.
We compute these environment tensors using

the corner transfer matrix renormalization group
(CTMRG) [28], applied to a two-site unit cell. We
denote the resulting environment tensor as �env. To
ensure the validity of the Taylor expansion and pre-
vent uncontrolled deformations, we also include the
Hilbert-Schmidt norm of �A in the cost function.
The global optimization amounts to minimizing the

following cost function:

C(A) = k�Ak2 + ↵k�env�Ak2, (1)

where ↵ is a weighting parameter controlling the contri-
bution of the environment term. In this study, we set
↵ = 1.
During the optimization, we impose spatial C4 ro-

tational symmetry and reflection symmetries along the
x and y axes within the two-by-two unit cell. These
symmetries relate the white three-leg tensors of Fig. 1
and e↵ectively fix their gauge. This gauge fixing im-
proves numerical stability, particularly in critical sys-
tems [18, 29, 30]. After entanglement filtering, the
cost function can be e�ciently minimized using stan-
dard gradient-based optimization techniques. Table I
presents our benchmark results for the classical Ising
model at criticality using bond dimension � = 16. We
achieve an improvement of one to two digits in the ac-
curacy of the free energy. Moreover, as shown in Fig. 2,
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poses tensors to minimize the di↵erence of the whole tensor
networks. (c) A pictorial definition of �A. It is defined as a
di↵erence of the eight-leg tensor. (d) The di↵erence of the
whole tensor network �f is approximated by the expectation
value of the error with respect to the environment computed
from CTMRG to first order.

the error in the local approximation. This procedure is
illustrated in the top-left panel of Fig. 1.

TNR can be viewed as a generalization of the local
approximation in TRG to a two-by-two unit cell. This
extension yields more accurate approximations for larger
system sizes and improves the overall precision of the
tensor network contraction as it incorporates the crucial
feature of entanglement filtering. When using two-by-
two unit cells, redundant loop-like degrees of freedom
can appear on the plaquettes formed by the four tensors.
These structures are known as corner double line (CDL)
tensors. Gu and Wen proposed a way to remove these de-
grees of freedom called entanglement filtering [15]. Other
prominent TNR algorithms, like Loop TNR, also include
an entanglement filtering step [18]. TRG fails to remove
these non-universal, short-range contributions . From the
renormalization group perspective, such CDL structures
encode short-scale physics and should be systematically
removed during the coarse-graining process. This is pre-
cisely what TNR achieves.

Despite their advantages, most TNR schemes still rely
on local optimization. Just as DMRG improves upon
NRG by incorporating the global environment, TNR can
be further enhanced by considering the full tensor net-
work during decomposition. The key idea is to minimize
the global error introduced when decomposing a tensor,
as illustrated in the top-right panel of Fig. 1. In this
setup, we extend beyond a two-by-two unit cell, with the
surrounding tensors indicated by dotted lines.

Unfortunately, evaluating the full contraction di↵er-
ence exactly is intractable. Instead, we perform a Taylor

TABLE I. The free energy of the classical 2d Ising model at
T = Tc compared with the exact solution.

�f TRG GTRG CTMRG Loop TNR Current work
Ising 9.8 · 10�6 6.9 · 10�7 2.7 · 10�7 3.5 · 10�8 8.5 · 10�10

FIG. 2. The CFT spectrum obtained from the transfer matrix
spectrum of the classical Ising model at critical temperature.
The red and blue crosses, respectively, correspond to the cen-
tral charge and scaling dimensions.

expansion of the global error with respect to the variation
in the two-by-two unit cell, denoted by �A. In the infinite
system limit, the first-order term in |�A| corresponds to
the expectation value (i.e., the one-point function) of �A,
which can be e�ciently approximated using environment
tensors.
We compute these environment tensors using

the corner transfer matrix renormalization group
(CTMRG) [28], applied to a two-site unit cell. We
denote the resulting environment tensor as �env. To
ensure the validity of the Taylor expansion and pre-
vent uncontrolled deformations, we also include the
Hilbert-Schmidt norm of �A in the cost function.
The global optimization amounts to minimizing the

following cost function:

C(A) = k�Ak2 + ↵k�env�Ak2, (1)

where ↵ is a weighting parameter controlling the contri-
bution of the environment term. In this study, we set
↵ = 1.
During the optimization, we impose spatial C4 ro-

tational symmetry and reflection symmetries along the
x and y axes within the two-by-two unit cell. These
symmetries relate the white three-leg tensors of Fig. 1
and e↵ectively fix their gauge. This gauge fixing im-
proves numerical stability, particularly in critical sys-
tems [18, 29, 30]. After entanglement filtering, the
cost function can be e�ciently minimized using stan-
dard gradient-based optimization techniques. Table I
presents our benchmark results for the classical Ising
model at criticality using bond dimension � = 16. We
achieve an improvement of one to two digits in the ac-
curacy of the free energy. Moreover, as shown in Fig. 2,

⚫ Their algorithm takes into account the environment effects
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FIG. 1. (a) The objective of optimization during tensor de-
compositions for TRG and TNR. TNR improves the accuracy
by incorporating a larger unit cell. (b) Global TNR decom-
poses tensors to minimize the di↵erence of the whole tensor
networks. (c) A pictorial definition of �A. It is defined as a
di↵erence of the eight-leg tensor. (d) The di↵erence of the
whole tensor network �f is approximated by the expectation
value of the error with respect to the environment computed
from CTMRG to first order.

the error in the local approximation. This procedure is
illustrated in the top-left panel of Fig. 1.

TNR can be viewed as a generalization of the local
approximation in TRG to a two-by-two unit cell. This
extension yields more accurate approximations for larger
system sizes and improves the overall precision of the
tensor network contraction as it incorporates the crucial
feature of entanglement filtering. When using two-by-
two unit cells, redundant loop-like degrees of freedom
can appear on the plaquettes formed by the four tensors.
These structures are known as corner double line (CDL)
tensors. Gu and Wen proposed a way to remove these de-
grees of freedom called entanglement filtering [15]. Other
prominent TNR algorithms, like Loop TNR, also include
an entanglement filtering step [18]. TRG fails to remove
these non-universal, short-range contributions . From the
renormalization group perspective, such CDL structures
encode short-scale physics and should be systematically
removed during the coarse-graining process. This is pre-
cisely what TNR achieves.

Despite their advantages, most TNR schemes still rely
on local optimization. Just as DMRG improves upon
NRG by incorporating the global environment, TNR can
be further enhanced by considering the full tensor net-
work during decomposition. The key idea is to minimize
the global error introduced when decomposing a tensor,
as illustrated in the top-right panel of Fig. 1. In this
setup, we extend beyond a two-by-two unit cell, with the
surrounding tensors indicated by dotted lines.

Unfortunately, evaluating the full contraction di↵er-
ence exactly is intractable. Instead, we perform a Taylor

TABLE I. The free energy of the classical 2d Ising model at
T = Tc compared with the exact solution.

�f TRG GTRG CTMRG Loop TNR Current work
Ising 9.8 · 10�6 6.9 · 10�7 2.7 · 10�7 3.5 · 10�8 8.5 · 10�10

FIG. 2. The CFT spectrum obtained from the transfer matrix
spectrum of the classical Ising model at critical temperature.
The red and blue crosses, respectively, correspond to the cen-
tral charge and scaling dimensions.

expansion of the global error with respect to the variation
in the two-by-two unit cell, denoted by �A. In the infinite
system limit, the first-order term in |�A| corresponds to
the expectation value (i.e., the one-point function) of �A,
which can be e�ciently approximated using environment
tensors.
We compute these environment tensors using

the corner transfer matrix renormalization group
(CTMRG) [28], applied to a two-site unit cell. We
denote the resulting environment tensor as �env. To
ensure the validity of the Taylor expansion and pre-
vent uncontrolled deformations, we also include the
Hilbert-Schmidt norm of �A in the cost function.
The global optimization amounts to minimizing the

following cost function:

C(A) = k�Ak2 + ↵k�env�Ak2, (1)

where ↵ is a weighting parameter controlling the contri-
bution of the environment term. In this study, we set
↵ = 1.
During the optimization, we impose spatial C4 ro-

tational symmetry and reflection symmetries along the
x and y axes within the two-by-two unit cell. These
symmetries relate the white three-leg tensors of Fig. 1
and e↵ectively fix their gauge. This gauge fixing im-
proves numerical stability, particularly in critical sys-
tems [18, 29, 30]. After entanglement filtering, the
cost function can be e�ciently minimized using stan-
dard gradient-based optimization techniques. Table I
presents our benchmark results for the classical Ising
model at criticality using bond dimension � = 16. We
achieve an improvement of one to two digits in the ac-
curacy of the free energy. Moreover, as shown in Fig. 2,

⚫ Their method improves the accuracy of conven4onal TRG, TNRs
⚫ Scale invariant behavior is indeed observed up to V=240
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FIG. 1. (a) The objective of optimization during tensor de-
compositions for TRG and TNR. TNR improves the accuracy
by incorporating a larger unit cell. (b) Global TNR decom-
poses tensors to minimize the di↵erence of the whole tensor
networks. (c) A pictorial definition of �A. It is defined as a
di↵erence of the eight-leg tensor. (d) The di↵erence of the
whole tensor network �f is approximated by the expectation
value of the error with respect to the environment computed
from CTMRG to first order.

the error in the local approximation. This procedure is
illustrated in the top-left panel of Fig. 1.

TNR can be viewed as a generalization of the local
approximation in TRG to a two-by-two unit cell. This
extension yields more accurate approximations for larger
system sizes and improves the overall precision of the
tensor network contraction as it incorporates the crucial
feature of entanglement filtering. When using two-by-
two unit cells, redundant loop-like degrees of freedom
can appear on the plaquettes formed by the four tensors.
These structures are known as corner double line (CDL)
tensors. Gu and Wen proposed a way to remove these de-
grees of freedom called entanglement filtering [15]. Other
prominent TNR algorithms, like Loop TNR, also include
an entanglement filtering step [18]. TRG fails to remove
these non-universal, short-range contributions . From the
renormalization group perspective, such CDL structures
encode short-scale physics and should be systematically
removed during the coarse-graining process. This is pre-
cisely what TNR achieves.

Despite their advantages, most TNR schemes still rely
on local optimization. Just as DMRG improves upon
NRG by incorporating the global environment, TNR can
be further enhanced by considering the full tensor net-
work during decomposition. The key idea is to minimize
the global error introduced when decomposing a tensor,
as illustrated in the top-right panel of Fig. 1. In this
setup, we extend beyond a two-by-two unit cell, with the
surrounding tensors indicated by dotted lines.

Unfortunately, evaluating the full contraction di↵er-
ence exactly is intractable. Instead, we perform a Taylor

TABLE I. The free energy of the classical 2d Ising model at
T = Tc compared with the exact solution.

�f TRG GTRG CTMRG Loop TNR Current work
Ising 9.8 · 10�6 6.9 · 10�7 2.7 · 10�7 3.5 · 10�8 8.5 · 10�10

FIG. 2. The CFT spectrum obtained from the transfer matrix
spectrum of the classical Ising model at critical temperature.
The red and blue crosses, respectively, correspond to the cen-
tral charge and scaling dimensions.

expansion of the global error with respect to the variation
in the two-by-two unit cell, denoted by �A. In the infinite
system limit, the first-order term in |�A| corresponds to
the expectation value (i.e., the one-point function) of �A,
which can be e�ciently approximated using environment
tensors.
We compute these environment tensors using

the corner transfer matrix renormalization group
(CTMRG) [28], applied to a two-site unit cell. We
denote the resulting environment tensor as �env. To
ensure the validity of the Taylor expansion and pre-
vent uncontrolled deformations, we also include the
Hilbert-Schmidt norm of �A in the cost function.
The global optimization amounts to minimizing the

following cost function:

C(A) = k�Ak2 + ↵k�env�Ak2, (1)

where ↵ is a weighting parameter controlling the contri-
bution of the environment term. In this study, we set
↵ = 1.
During the optimization, we impose spatial C4 ro-

tational symmetry and reflection symmetries along the
x and y axes within the two-by-two unit cell. These
symmetries relate the white three-leg tensors of Fig. 1
and e↵ectively fix their gauge. This gauge fixing im-
proves numerical stability, particularly in critical sys-
tems [18, 29, 30]. After entanglement filtering, the
cost function can be e�ciently minimized using stan-
dard gradient-based optimization techniques. Table I
presents our benchmark results for the classical Ising
model at criticality using bond dimension � = 16. We
achieve an improvement of one to two digits in the ac-
curacy of the free energy. Moreover, as shown in Fig. 2,

at the cri4cality, χ=16
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the critical spectrum remains stable up to 40 renormal-
ization steps. While similar ideas of global optimization
have previously been applied to TRG [31, 32], they did
not yield a stable critical spectrum. Our results demon-
strate that the combination of global optimization with
TNR is crucial for accurately capturing physical proper-
ties at criticality.

CFT data from thermal transitions A key applica-
tion of our method is the e�cient simulation of two-
dimensional quantum states at finite temperature. We
represent the thermal density matrix ⇢̂ = e��H as a
contraction of a three-dimensional tensor network, where
the Hamiltonian in the exponent is expressed as a pro-
jected entangled-pair operator (PEPO). Although the
PEPO has a finite bond dimension, its exponential gen-
erally does not. However, for small values of �, the
cluster expansion method yields an accurate PEPO rep-
resentation [33–35]. We call the tensor that generates
this translationally invariant PEPO an elementary ten-
sor. By decomposing the imaginary-time evolution into

small steps e�
�
N H , the full thermal density matrix can be

expressed as an N -fold product ⇢̂ =
⇣
e�

�
N H

⌘N

. Conse-

quently, evaluating the density matrix on a system of size
(Lx, Ly,�) reduces to contracting a three-dimensional
network of size (Lx, Ly, N) composed of elementary ten-
sors.

The contraction of such three-dimensional networks is
generally intractable, typically requiring computational
costs on the order of O(�7–�11). Alternatives include
local contractions using HOTRG [14] or ATRG [36] and
finding the boundary PEPS of the 3D tensor network [37].
In contrast, our method achieves a significantly reduced
cost of O(�6), comparable to the complexity of HOTRG
in a classical two-dimensional system.

In the following, we propose an e�cient contraction
scheme. First, we construct the elementary PEPO ten-
sor using a cluster expansion for small ��. Then, we
stack these tensors sequentially along the imaginary-time
direction to form a column tensor. At each step, an ele-
mentary tensor is contracted linearly on top of the pre-
viously renormalized column tensor, followed by a trun-
cation of the bond dimensions of the four bonds in the
spatial direction via a projection [18, 38, 39]. This pro-
jection minimizes the cost function illustrated below:

min − 𝑈
𝑑 𝜒init

𝜒 𝑈†

. (2)

It is worth noting that the series of projections ap-
plied during the linear stacking results in a tensor net-
work structure that resembles an MPS [40] along the
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FIG. 3. Results for the two-dimensional transverse field Ising
model when keeping � = 12 in the imaginary-time evolution
and � = 10 in performing global TNR. (a) The finite-T phase
diagram. The color map indicates the central charge, where
c = 1/2 at the thermal transition line. The transition line
approaches the quantum critical point, indicated by a white
dotted line, as T approaches zero. (b) The transfer matrix
spectrum of the finite-T density matrix at the transition point
(�,�) = (0.472, 1.1). The dotted lines indicate the theoretical
Ising CFT spectrum.

imaginary-time axis [41, 42](see also Fig. 8 of Ref. [42]).
Further optimization of these projectors by DMRG-like
sweeping can increase the accuracy [43]. After N steps,
we get a column PEPO representing � = N��. Second,
we trace out the physical indices. The column tensor
ends up becoming a 2D classical tensor. Finally, we per-
form TNR for n steps in the x-y plane. The partition
function with PBC is obtained by contracting the open
legs in the x and y directions. Moreover, the CFT infor-
mation is accessible through the transfer matrix of the
renormalized tensor.

We apply this scheme to the transverse field Ising
model in two dimensions, defined as

H = �
X

hi,ji

�z

i
�z

j
� �

X

i

�x

i
. (3)

This model exhibits a quantum phase transition at zero
temperature, located at �c ' 3.04438 [44, 45]. At fi-
nite temperature, thermal phase transitions emerge and
are characterized by the two-dimensional Ising CFT. Fig-
ure 3(a) presents the finite-temperature phase diagram
obtained from our method, where the color scale in-
dicates the e↵ective central charge extracted from the
transfer matrix after 12 RG steps. Along the critical
curve, the central charge is nearly exactly c = 0.5, con-
sistent with the CFT prediction. Moreover, this 2D CFT
curve approaches the quantum critical point in the T ! 0
limit.

In the right panel (b), we show the detailed spectrum
of a transition point at (�,�) = (0.472, 1.1). The ex-
tracted scaling dimensions and central charge are highly

⚫ Consider the system at finite temperature

⚫ Imaginary-4me evolu4on is linearly carried out first

⚫ AOer the imaginary-4me evolu4on, the (2+1)D TN can be reduced to be a 2D 
TN

⚫ The resul4ng 2D TN is contracted by the global TNR scheme

𝜒!
𝜒!
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the critical spectrum remains stable up to 40 renormal-
ization steps. While similar ideas of global optimization
have previously been applied to TRG [31, 32], they did
not yield a stable critical spectrum. Our results demon-
strate that the combination of global optimization with
TNR is crucial for accurately capturing physical proper-
ties at criticality.

CFT data from thermal transitions A key applica-
tion of our method is the e�cient simulation of two-
dimensional quantum states at finite temperature. We
represent the thermal density matrix ⇢̂ = e��H as a
contraction of a three-dimensional tensor network, where
the Hamiltonian in the exponent is expressed as a pro-
jected entangled-pair operator (PEPO). Although the
PEPO has a finite bond dimension, its exponential gen-
erally does not. However, for small values of �, the
cluster expansion method yields an accurate PEPO rep-
resentation [33–35]. We call the tensor that generates
this translationally invariant PEPO an elementary ten-
sor. By decomposing the imaginary-time evolution into

small steps e�
�
N H , the full thermal density matrix can be

expressed as an N -fold product ⇢̂ =
⇣
e�

�
N H

⌘N

. Conse-

quently, evaluating the density matrix on a system of size
(Lx, Ly,�) reduces to contracting a three-dimensional
network of size (Lx, Ly, N) composed of elementary ten-
sors.

The contraction of such three-dimensional networks is
generally intractable, typically requiring computational
costs on the order of O(�7–�11). Alternatives include
local contractions using HOTRG [14] or ATRG [36] and
finding the boundary PEPS of the 3D tensor network [37].
In contrast, our method achieves a significantly reduced
cost of O(�6), comparable to the complexity of HOTRG
in a classical two-dimensional system.

In the following, we propose an e�cient contraction
scheme. First, we construct the elementary PEPO ten-
sor using a cluster expansion for small ��. Then, we
stack these tensors sequentially along the imaginary-time
direction to form a column tensor. At each step, an ele-
mentary tensor is contracted linearly on top of the pre-
viously renormalized column tensor, followed by a trun-
cation of the bond dimensions of the four bonds in the
spatial direction via a projection [18, 38, 39]. This pro-
jection minimizes the cost function illustrated below:

min − 𝑈
𝑑 𝜒init

𝜒 𝑈†

. (2)

It is worth noting that the series of projections ap-
plied during the linear stacking results in a tensor net-
work structure that resembles an MPS [40] along the
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FIG. 3. Results for the two-dimensional transverse field Ising
model when keeping � = 12 in the imaginary-time evolution
and � = 10 in performing global TNR. (a) The finite-T phase
diagram. The color map indicates the central charge, where
c = 1/2 at the thermal transition line. The transition line
approaches the quantum critical point, indicated by a white
dotted line, as T approaches zero. (b) The transfer matrix
spectrum of the finite-T density matrix at the transition point
(�,�) = (0.472, 1.1). The dotted lines indicate the theoretical
Ising CFT spectrum.

imaginary-time axis [41, 42](see also Fig. 8 of Ref. [42]).
Further optimization of these projectors by DMRG-like
sweeping can increase the accuracy [43]. After N steps,
we get a column PEPO representing � = N��. Second,
we trace out the physical indices. The column tensor
ends up becoming a 2D classical tensor. Finally, we per-
form TNR for n steps in the x-y plane. The partition
function with PBC is obtained by contracting the open
legs in the x and y directions. Moreover, the CFT infor-
mation is accessible through the transfer matrix of the
renormalized tensor.

We apply this scheme to the transverse field Ising
model in two dimensions, defined as

H = �
X

hi,ji

�z

i
�z

j
� �

X

i

�x

i
. (3)

This model exhibits a quantum phase transition at zero
temperature, located at �c ' 3.04438 [44, 45]. At fi-
nite temperature, thermal phase transitions emerge and
are characterized by the two-dimensional Ising CFT. Fig-
ure 3(a) presents the finite-temperature phase diagram
obtained from our method, where the color scale in-
dicates the e↵ective central charge extracted from the
transfer matrix after 12 RG steps. Along the critical
curve, the central charge is nearly exactly c = 0.5, con-
sistent with the CFT prediction. Moreover, this 2D CFT
curve approaches the quantum critical point in the T ! 0
limit.

In the right panel (b), we show the detailed spectrum
of a transition point at (�,�) = (0.472, 1.1). The ex-
tracted scaling dimensions and central charge are highly

⚫ The method seems s4ll working in the rela4vely lower temperature regime

⚫ Quantum cri4cal point at zero temperature is known as λc=3.04438…

at 1/T=0.472, χt=12, χ=10
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⚫ Thermal phase transi4on in the (2+1)D model is inves4gated by the global TNR

⚫ Employing the CFT data, the phase diagram of the transverse-field quantum 
Ising model is determined

⚫ Not only the thermal transi4on points, but also the quantum cri4cal point at 
vanishing temperature might be located

⚫ Conven4onal TNRG schemes are established as efficient algorithms to study 
the 2D CFT. How about the 3D CFT data?

⚫ So far, many adempts have been made to develop a 3D TNRG scheme

⚫ Global TNR w/ the reduc4on of the (2+1)D problem into the 2D one

⚫ A prac4cal advantage over a possible 3D TNR scheme?
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Supplementary Material

FIG. 4. Examples of estimation of transition temperature for
� = 0 and 1.1. The cross, x-cross, and solid circles represent,
respectively, the e↵ective central charge obtained from 10-12
RG steps. The transition temperatures are determined from
the two largest points, as indicated by the black dotted lines.

Estimation of transition temperature

Here, we present the methodology for extrapolating
the transition temperature. In constructing the column
tensor, we discretize the imaginary-time evolution. As a
result of this discretization, the simulation does not al-
ways align precisely with the true critical temperature,
and the extracted e↵ective central charge deviates from
its theoretical value. This deviation becomes amplified
under repeated RG transformations and eventually van-
ishes as the system flows away from criticality. Therefore,
we terminate the RG procedure at the 12th step.
Figure 4 shows the numerically obtained e↵ective cen-

tral charge at � = 0 and � = 1.1 near their respective
critical points. The cross, x-cross, and solid circles de-
note results after 10, 11, and 12 RG steps, respectively.
As the system is coarse-grained, the peak in the e↵ective
central charge becomes sharper. Notably, for � = 0, the
data points lie slightly o↵ the peak and thus exhibit a
decay in the central charge with further RG steps.
To estimate the transition temperature, we take the

midpoint between the two temperatures corresponding
to the largest e↵ective central charge values. In prac-
tice, this estimate can be further refined by comput-
ing a weighted average of temperatures, where each is
weighted by the inverse of its deviation from the ideal
central charge value.


