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Short summary:

Propose efficient calculation method

for single-propagator trace and its difference

O(10) times efficient than usual method even in small 𝑀𝜋

c.f.) 𝑔 − 2 [PRD111:114509(2025)], proton radius [PRL132:211901(2024)],

𝐾 → 𝜋ℓℓ [PoS(LATTICE2024)258]
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CLS configuration for test calculation: 𝑁cfg = 100, 483 × 96, 𝑀𝜋 = 268 MeV
(𝑚𝑢 = 0.00207)

Discussion is highly simplified in this report: e.g., Clover quark → naive quark
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Single-propagator trace = disconnected diagram

𝜏Γ(𝑡) =
1

𝐿3

∑
®𝑥
Tr [Γ𝐺 (𝑥, 𝑥)] , 𝑥0=𝑡, Γ=𝐼, 𝛾𝜇, 𝜎𝜇𝜈= 𝑖2 [𝛾𝜇,𝛾𝜈], 𝛾𝜇𝛾5, 𝛾5

𝐺: fermion propagator = inverse matrix of Dirac operator 𝐷 (𝑥, 𝑦)∑
𝑥

𝐷 (𝑧, 𝑥)𝐺 (𝑥, 𝑦) = 𝛿𝑧,𝑦, c.f.) 𝑆 𝑓 =
∑
𝑥,𝑦

Ψ(𝑥)𝐷 (𝑥, 𝑦)Ψ(𝑦) on lattice

flavor-singlet mesons 𝜂, 𝜎, and electromagnetic form factors for proton, neutron

In lattice QCD, difficult to calculate 𝐷−1 due to huge size of matrix 𝐷

One can calculate
∑
𝑧

𝐺 (𝑥, 𝑧)𝑏(𝑧), e.g,
∑
𝑧

𝐺 (𝑥, 𝑧)𝛿𝑧,𝑥 = 𝐺 (𝑥, 𝑥)
one 𝑥 per one calculation

Each 𝐺 calculation is not cheap.

Roughly O(𝐿3𝑇) ∼ 109 calculations of 𝐺 necessary for 𝜏Γ(𝑡)
× O(102 ∼ 103) configurations

not discuss this reduction

Large calculation cost is demanded for 𝜏Γ(𝑡).
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Random-noise estimator [traditional method]
[Bitar et al., NPB313:348(1989)], [UKQCD,PHD58:034506(1998)]

𝜂𝑖 (𝑥): Random noise lim
𝑁𝑠→∞

1

𝑁𝑠

𝑁𝑠∑
𝑖=1

𝜂∗𝑖 (𝑥)𝜂𝑖 (𝑦) = 𝛿𝑥,𝑦

𝜏𝑟Γ(𝑡) =
1

𝐿3
1

𝑁𝑠

∑
𝑖

∑
®𝑥
Tr

[
𝜂∗𝑖 (𝑥)Γ

{∑
𝑧

𝐺 (𝑥, 𝑧)𝜂𝑖 (𝑧)
}]

∼ 𝜏Γ(𝑡) + O
(

1
√
𝑁𝑠

)
(Error)2 of 𝜏𝑟Γ
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Fig. 1 Variances of the standard random noise estimators defined in
Eq. (3.9) as a function of the number of random sources Ns for the
ensemble F7. The symbols S, P , Tjk , Ak and Vk stand for ! = I , γ5,
σ jk , γkγ5 and γk respectively. The dashed lines indicate the gauge-noise
contributions to the variances computed in Sect. 6

ble F7. Data for the E5 and the G8 lattices show the same
qualitative behaviour. Variances go down linearly in 1/Ns
until the random-noise contribution becomes negligible, see
Eq. (3.11), after which a plateau corresponds to the gauge
noise (dashed lines). The first clear message from the data is
that the random-noise contribution to the variances is com-
parable for the various bilinears, as suggested by Eq. (3.11),
and it is orders of magnitude larger than the gauge noise.
Moreover, the latter can vary by orders of magnitude among
the various bilinears, see Sect. 6, with the densities having
the largest gauge noise while the currents the smallest one.

4 Hopping expansion of single-propagator traces

To investigate the contribution to trace variances from high-
frequency modes of the quark propagator, we first consider
single-propagator traces of heavy quarks. In this kinematic
regime the hopping expansion (HPE) is known to lead to
a significant reduction of the random-noise contribution to
trace variances [11–13]. For the O(a)-improved Wilson-
Dirac operator, it is natural to exploit the even-odd decompo-
sition to generalize the hopping parameter expansion [14] to

D−1
m = M2n,m + D−1

m H2n
m , (4.1)

where

M2n,m = 1
Dee + Doo

2n−1∑

k=0

Hk
m,

Hm = −
[
DeoD−1

oo + DoeD−1
ee

]
, (4.2)

and the subscript m has been omitted in the block matrices
of the even-odd decomposition of the Dirac operator, see
Appendix A for further details. The zero three-momentum
single-propagator traces in Eq. (3.3) can thus be decomposed
as

t̄!,r (x0) = t̄ M
!,r
(x0)+ t̄ R

!,r
(x0), (4.3)

where

t̄ M
!,r
(x0) = − a!

aL3

∑

x
tr[!M2n,mr (x, x)], (4.4)

collects the first 2n contributions of the HPE while

t̄ R
!,r
(x0) = − a!

aL3

∑

x
tr

[
!

{
D−1
mr

H2n
mr

}
(x, x)

]
(4.5)

is the remainder. Notice that convergence of the expansion
is not required for Eq. (4.3) to be valid. For small n, t̄ M

!,r
can

be computed exactly and efficiently with 24 n4 applications
of M2n,mr , see Appendix C for more details. The second
contribution t̄ R

!,r
can be replaced by the noisy estimator

τ̄ R
!,r
(x0) = − 1

aL3Ns

∑

x

Ns∑

i=1

Re
{
a!

[
η

†
i H

n
mr

]
(x)!

[
D−1
mr

Hn
mr

ηi
]
(x)

}
.

(4.6)

A rough idea of the variance reduction achieved by the HPE
can be obtained in the free lattice theory, see Appendix B. For
a bare subtracted quark mass of amq = 0.3 and for n = 2,
the stochastic variances of the remainder τ̄ R

!,r
are between

one and two orders of magnitude smaller than those of the
standard estimators τ̄!,r . For n = 4 a further reduction of
approximately 4–8, depending on the bilinear, is obtained. If
we had defined the estimator of the remainder by applying
H2n
mr

to one source only, the variance in the free case would
increase approximately by a factor 2 or so. The ultraviolet
filtering of Hn

mr
on both random sources is thus beneficial

with respect to applying H2n
mr

to one source only.

4.1 Numerical tests

We have computed the single-propagator trace estimators
τ̄!,r , t̄ M

!,r
and τ̄ R

!,r
for n = 2 on all ensembles listed in Table 1

for several valence quark masses. For F7 and for the sub-
tracted bare quark mass amq,r = 0.3, the variances are
shown in Fig. 2 for the pseudoscalar density and for a spatial
component of the vector current respectively. Similar results
are obtained for other bilinears and/or for the E5 and the
G8 lattices. Furthermore, the variances are in the same ball-
park as the free theory values computed using the results of
Appendix B.3.

123

Γ = 𝐼 (𝑆), 𝛾5(𝑃), 𝜎𝑗 𝑘 (𝑇𝑗 𝑘), 𝛾𝑘𝛾5(𝐴𝑘), 𝛾𝑘 (𝑉𝑘)

Dashed line ∼ (error)2 in 𝑁𝑠 → ∞
gauge configuration noise (estimate)

O(103) or more 𝑁𝑠 necessary

𝐺 calculation per each 𝑁𝑠

further cost reduction desired

[Thron et al.,PRD57:1642(1998),· · · ]

Other traditional method: Hopping parameter expansion
efficient only in large quark mass
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Split-even method: difference of single-propagator trace

𝐷𝑢 − 𝐷𝑠 = (𝑚𝑢 − 𝑚𝑠)𝐼, 𝐷𝑞 = 𝑚𝑞𝐼 + 𝐻, 𝐺𝑞𝐷𝑞 = 𝐷𝑞𝐺𝑞 = 𝐼

𝐻 ∼ ∑
𝜇

[
𝛾𝜇

(
𝑈𝜇(𝑥)𝛿𝑥,𝑥+𝜇 −𝑈†

𝜇(𝑥 − 𝜇)𝛿𝑥,𝑥−𝜇
)]
: hopping term independent of 𝑚𝑞

𝐺𝑠 − 𝐺𝑢 = 𝐺𝑢𝐷𝑢𝐺𝑠 − 𝐺𝑢𝐷𝑠𝐺𝑠 = 𝐺𝑢 (𝐷𝑢 − 𝐷𝑠)𝐺𝑠 = (𝑚𝑢 − 𝑚𝑠)𝐺𝑢𝐺𝑠

standard method
𝜏𝑟Γ(𝑡) =

1

𝐿3
1

𝑁𝑠

∑
𝑖

∑
®𝑥
Tr

[
𝜂∗𝑖 (𝑥)Γ

{∑
𝑧

𝐺 (𝑥, 𝑧)𝜂𝑖 (𝑧)
}]

𝜏
𝑟,𝑚2𝑚1
Γ,std (𝑡) = 𝜏𝑟,𝑚2

Γ (𝑡) − 𝜏𝑟,𝑚1
Γ (𝑡)

𝜏
𝑟,𝑚2𝑚1
Γ,std (𝑡) = 𝑚1 − 𝑚2

𝐿3
1

𝑁𝑠

∑
𝑖

∑
®𝑥
Tr

𝜂∗𝑖 (𝑥)Γ

∑
𝑦,𝑧

𝐺1(𝑥, 𝑦)𝐺2(𝑦, 𝑧)𝜂𝑖 (𝑧)



split-even method

𝜏
𝑟,𝑚2𝑚1
Γ,split (𝑡) = 𝑚1 − 𝑚2

𝐿3
1

𝑁𝑠

∑
𝑖

∑
®𝑥
Tr

[{∑
𝑤

𝜂∗𝑖 (𝑤)𝐺2(𝑤, 𝑥)
}
Γ

{∑
𝑧

𝐺1(𝑥, 𝑧)𝜂𝑖 (𝑧)
}]
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Split-even method: difference of single-propagator trace (cont’d)

(error)2 of 𝜏𝑟,𝑚1𝑚2
𝛾5 and 𝜏

𝑟,𝑚1𝑚2
𝛾𝑘 , 𝑚1 = 0.00207, 𝑚2 = 0.0189Eur. Phys. J. C (2019) 79 :586 Page 7 of 17 586
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Fig. 4 Variances of the standard θ",rs (filled red symbols) and the split-
even τ",rs (open blue symbols) estimators for differences of single-
propagator traces for the pseudoscalar density (left) and the vector cur-
rent (right) as a function of the number of random sources Ns for the

ensemble F7 and for the bare quark masses amq,r = 0.00207 and
amq,s = 0.0189 corresponding to the sea and approximately the strange
quark masses

(large) "-independent spectral sum ⟨SPSP⟩ is absent. The
first four-point correlation function on the r.h.s. of Eq. (5.10)
is the flavour-connected counterpart of the disconnected con-
traction appearing in Eq. (5.4), the second is analogous but
with scalar densities replaced by the pseudoscalar ones and
two flavour indices exchanged. Both integrated correlators
on the r.h.s. of Eq. (5.10) are colour enhanced with respect
to the gauge noise and they are of O(1) in the free theory,
see Appendix B.

The random-noise contributions to the variances of the
split-even estimators in Eq. (5.9) are thus expected to be sig-
nificantly smaller than for the standard estimators5 of differ-
ences of single-propagator traces. This is not surprising since
in this case both sources, ηi and η

†
i , are ultraviolet filtered by

a quark propagator and the variance has one integral less in
the time-coordinate analogously to the case of time-diluted
sources.6 With respect to the gauge variance, however, the
random-noise contribution is still expected to be larger.

5.3 Numerical tests

We have computed the two random-noise estimators in
Eqs. (5.6) and (5.9) on all ensembles listed in Table 1 and for
several pairs of quark masses. For F7 and for the bare valence
masses amq,r = 0.00207 and amq,s = 0.0189, correspond-
ing to the sea and approximately the strange quark masses
[9,16], the variances are shown in Fig. 4 for the pseudoscalar
density and for one spatial component of the vector current.

5 The split-even is an estimator for all times at once, as well as the
standard estimator in Eq. (5.6) we compare with. If time-dilution was
used in (5.6), the computation of the estimator for all times would have
been significantly more expensive.
6 By the same argument, if a split-line estimator localized in a given
region of space is chosen, the sum over y2 in Eq. (5.10) is restricted to
that region.

The variance of the standard estimators σ 2
θ̄
",rs

(red filled sym-

bols) turns out to be essentially "-independent as suggested
by Eq. (5.7), and it is dominated by the spectral sum ⟨SPSP⟩.
The split-even estimators τ̄",rs (x0) have much smaller vari-
ances.7 The reduction factor ranges from approximately one
order of magnitude for the scalar and pseudoscalar densities
up to around two orders of magnitude or more for the axial
and vector currents as well as for the tensor bilinear. A sim-
ilar reduction in the variance using the split-even estimator
is observed for ensembles with different sea-quark masses,
see Fig. 9 in Appendix D for the analogous figures for the E5
and G8 ensembles. The gauge noise is still smaller than the
random noise, but with the split-even estimator the number
Ns of random sources needed to approach the gauge noise is
moderate. It ranges from a few for the pseudoscalar density
up to O(100) for the vector current.

Considering that the estimators have the same cost per
noise source, the data show that the split-even random-noise
estimator is much more efficient than the standard one for
computing differences of single-propagator traces, and it
allows one to approach the gauge noise for all bilinears with
a moderate number of noisy sources.

6 Frequency-splitting of single-propagator traces

The results of the last two sections suggest to introduce a fam-
ily of frequency-splitting random-noise estimators of single-
propagator zero three-momentum traces defined as

7 The so called one-end trick estimator used in the context of twisted-
mass discretization of QCD is a particular case of split-even estimator,
for which significant numerical gain has been observed empirically
[17,18]. The analysis of the variances presented here applies straight-
forwardly to this estimator too, for which a Schwarz inequality between
its variance and the one of the standard estimator can also be derived.

123

split-even: 10-102 times more efficient than standard in small 𝑁𝑠
even in small 𝑚1

6



Frequency-splitting estimator

𝜏𝑚𝑢Γ (𝑡) = 𝜏𝑚𝑐Γ (𝑡) + 𝜏𝑚𝑢Γ (𝑡) − 𝜏𝑚𝑐Γ (𝑡)
(
= 𝜏𝑚𝑐Γ (𝑡) + 𝜏𝑚𝑠Γ (𝑡) − 𝜏𝑚𝑐Γ (𝑡) + 𝜏𝑚𝑢Γ (𝑡) − 𝜏𝑚𝑠Γ (𝑡)

)
hopping parameter expansion: effective in large 𝑚𝑐 [Thron et al.,PRD57:1642(1998)]

𝜏𝑟,𝑚𝑢Γ (𝑡) = 𝜏ℎ,𝑚𝑐Γ (𝑡) + 𝜏𝑟,𝑚𝑢𝑚𝑐Γ,split (𝑡) (𝑚𝑢 � 𝑚𝑐)

difference w/ split-even method: effective even in small 𝑚𝑢

𝜏𝑟,𝑚𝑢Γ (𝑡) = 𝜏ℎ,𝑚𝑐Γ (𝑡) + 𝜏𝑟,𝑚𝑠𝑚𝑐Γ,split (𝑡) + 𝜏
𝑟,𝑚𝑢𝑚𝑠
Γ,split (𝑡) (𝑚𝑢 < 𝑚𝑠 � 𝑚𝑐)

𝜏𝑟,𝑚𝑢Γ (𝑡) = 𝜏ℎ,𝑚𝑐Γ (𝑡) +
𝑁𝑞∑
𝑗=1

𝜏
𝑟,𝑚 𝑗𝑚 𝑗−1
Γ,split (𝑡) (𝑚 𝑗 < 𝑚 𝑗−1, 𝑚0 = 𝑚𝑐, 𝑚𝑁𝑞 = 𝑚𝑢)

Test calculation

FS1: 𝑚𝑐 = 0.1, 𝑚𝑢 = 0.00207, and 𝑁𝑠 = 4,1 for 𝜏ℎ,𝑚𝑐Γ (𝑡), 𝜏𝑟,𝑚𝑢𝑚𝑐Γ,split (𝑡)
2.5 times more expensive than 𝑁𝑠 = 1 standard

FS2: 𝑚 𝑗 = 0.3,0.15,0.06,0.02,0.00207,
and 𝑁𝑠 = 10,3,2,1,1 for 𝜏ℎ,𝑚𝑐Γ (𝑡), 𝜏𝑟,𝑚 𝑗𝑚 𝑗−1

Γ,split (𝑡)
6 times more expensive than 𝑁𝑠 = 1 standard
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Frequency-splitting estimator (cont’d)

(error)2 of 𝜏𝛾5 and 𝜏𝛾𝑘 at 𝑚𝑢 = 0.00207 (𝑀𝜋 = 268 MeV)Eur. Phys. J. C (2019) 79 :586 Page 9 of 17 586
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Fig. 5 Variances of the two frequency-splitting estimators FS1 and
FS2 (see the main text for explanations) for the pseudoscalar density
(left) and the vector current (right) for the ensemble F7 and for the
target mass amq = 0.00207 corresponding to the sea quark mass. On
the horizontal axis, Ns is the number of times the frequency-splitting
estimator is evaluated and averaged over for each gauge configuration.
For comparison the variances of the standard random-noise estimators

(filled red symbols) are also shown, where in this case Ns coincides
with the number of random sources processed and averaged over for
each gauge configuration. Each evaluation of the FS1 and FS2 estima-
tors cost approximately 2.5 and 6 times the standard one respectively,
see Table 2 for details. In the right plot, the continuum line represents
the linear term of a linear fit in 1/Ns of the points, while the dashed line
is the constant term corresponding to the gauge noise

evaluation of this estimator costs approximately 2.5 times
more than evaluating one random source for the standard
estimator.9 See Table 2 for a detailed comparison of the
relative cost of the estimators for our particular imple-
mentation.

• FS2 is defined by 4 mass splittings corresponding to the
masses amq = 0.00207, 0.02, 0.06, 0.15, 0.3, and the
corresponding random-noise estimators are defined with
Ns = 1, 1, 2, 3, and 10 random sources respectively.
Each application of this estimator costs approximately 6
times with respect to evaluating one random source for
the standard estimator, see Table 2.

In both cases the solver used is the generalized conjugate
residual (GCR) algorithm preconditioned by a Schwarz alter-
nating procedure (SAP) and local deflation as implemented
in openQCD-1.6 [19].

In Fig. 5 we show the variances of FS1, FS2 and of the stan-
dard estimator as a function of Ns , the number of evaluations
of each of them per gauge configuration. A clear message
emerges: a large gain is obtained for both frequency-splitting
estimators with mild differences in efficiency between them.
The FS1 is slightly better for the scalar and pseudoscalar
densities, while FS2 is more efficient for the vector, axial-
vector and tensor bilinears. In particular, the variance of FS1
is approximately 20 and 15 times smaller than the one of the
standard estimators for the scalar and pseudoscalar densities
respectively. Taking into account that one application of FS1

9 We do not include the preparatory cost for computing t̄ M
!,rn

since it
becomes quickly negligible after few evaluations of the random-noise
components of the estimator.

costs approximately 2.5 more, the gain in computation cost
is 8 and 6 for the scalar and pseudoscalar10 densities respec-
tively. For the vector and the axial-vector, the variance of
FS2 is approximately 2 orders of magnitude smaller than the
one of the standard estimators. As the FS2 is 6 times more
expensive, the gain in computational cost is approximately a
factor 15. For the tensor the factor gained reaches approxi-
mately 20. Figure 10 of Appendix D depicts examples of the
frequency-splitting estimators for the E5 and G8 ensembles,
which illustrate similar orders of magnitude of improvement.
In the vector channel, the improvement is even greater closer
to the physical point.

It is worth noting that for the scalar, pseudoscalar and the
tensor bilinears just one or a few evaluations of the frequency-
splitting estimators are needed for the variance to be com-
parable to the gauge noise. For the axial-vector and vector
currents O(10) and O(100) evaluations of the FS2 estimators
are required to reach the same goal. As a result, in all cases the
gauge noise is reached with a limited and affordable number
of evaluations of the frequency-splitting estimators. If neces-
sary the frequency-splitting estimator can be easily combined
with low-mode averaging [20,21] and its variants [22].

7 Numerical tests for two-point functions

In this section we discuss the numerical results for two rep-
resentative examples of disconnected contributions to two-

10 If we had used U (1) sources instead of Gaussian ones, the standard
estimator for the pseudoscalar density would have a variance smaller
by approximately a factor 3 on this lattice. We prefer to use Gaussian
sources for all bilinears, however, for which the theoretical analysis is
simpler.

123

FS1: 𝑚𝑐 = 0.1, 𝑚𝑢 = 0.00207, and 𝑁𝑠 = 4,1 for 𝜏ℎ,𝑚𝑐

Γ (𝑡), 𝜏𝑟,𝑚𝑢𝑚𝑐

Γ,split (𝑡)
2.5 times more expensive than 𝑁𝑠 = 1 standard

FS2: 𝑚 𝑗 = 0.3,0.15,0.06,0.02,0.00207 and 𝑁𝑠 = 10,3,2,1,1 for 𝜏ℎ,𝑚𝑐

Γ (𝑡), 𝜏𝑟,𝑚 𝑗𝑚 𝑗−1

Γ,split (𝑡)
6 times more expensive than 𝑁𝑠 = 1 standard

FS1 𝜏𝛾5: 15 times smaller (error)2 / 2.5 times cost
∼ 6 times more efficient than standard

FS2 𝜏𝛾𝑘 : 102 times smaller (error)2 / 6 times cost
∼ 15 times more efficient than standard
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Frequency-splitting estimator (cont’d)

(error)2 of 𝜏𝛾5 and 𝜏𝛾𝑘 at 𝑀𝜋 = 193 MeV w/ 𝑁cfg = 25 on different ensemble

586 Page 16 of 17 Eur. Phys. J. C (2019) 79 :586
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Fig. 10 The figures analogous to Fig. 5 comparing the variances of the standard (red) and frequency-splitting (blue) estimators in the pseudoscalar
(left) and vector (right) channels for ensemble E5 (top) and G8 (bottom)

define the estimators. For the lighter sea-quark mass ensem-
ble, the G8 ensemble, accounting for the increased relative
cost of about a factor 3.3, the gain in the computational cost
for the FS1 estimator is approximately a factor 3 in the pseu-
doscalar channel, and about a factor 30 in the vector channel,
one of the best cases. This demonstrates the effectiveness of
the strategy as the physical point is approached even without
any particular fine-tuning of the parameters.
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FS1: 𝑚 𝑗 = 0.1,0.01935,0.00108, and 𝑁𝑠 = 8,1,1 for 𝜏ℎ,𝑚𝑐Γ (𝑡), 𝜏𝑟,𝑚 𝑗𝑚 𝑗−1
Γ,split (𝑡)

3.3 times more expensive than 𝑁𝑠 = 1 standard

𝜏𝛾𝑘 : 102 times smaller (error)2 / 3.3 times cost

∼ 30 times more efficient than standard

9



Summary

Calculation cost reduction of single-propgator trace

- split-even method : effective in difference of single-propagator trace

- Frequency-splitting estimator

Hopping parameter expansion +

difference(s) of single-propagator trace w/ split-even

- O(10) reduction of computational cost of single-propagator trace

even in small 𝑀𝜋
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Hopping parameter expansion [Thron et al.,PRD57:1642(1998)], · · ·

𝐷 = 𝑚𝐼 + 𝐻 = 𝑚 (𝐼 − 𝐻𝑚) , 𝐻𝑚 = −𝐻
𝑚
, 𝐻 ∝

∑
𝜇

[
𝛾𝜇

(
𝑈𝜇(𝑥)𝛿𝑥,𝑥+𝜇 −𝑈†

𝜇(𝑥 − 𝜇)𝛿𝑥,𝑥−𝜇
)]

𝐻𝑚: hopping term, 1/𝑚 ∼ hopping parameter

𝑚𝐷−1 = 𝑚𝐺 =
∞∑
𝑘=0

𝐻𝑘𝑚 =
2𝑛−1∑
𝑘=0

𝐻𝑘𝑚 +
∞∑

𝑘=2𝑛

𝐻𝑘𝑚 = 𝑀2𝑛 + 𝑚𝐺𝐻2𝑛
𝑚

𝜏ℎΓ (𝑡) = 𝜏
𝑀
Γ (𝑡) + 𝜏𝑅Γ (𝑡), 𝜏𝑀Γ (𝑡) = 1

𝐿3

∑
®𝑥
Tr

[
Γ
𝑀2𝑛(𝑥, 𝑥)

𝑚

]
𝜏𝑅Γ (𝑡) =

1

𝐿3
1

𝑁𝑠

∑
𝑖

∑
®𝑥
Tr


{∑
𝑤

𝜂∗𝑖 (𝑤)𝐻
𝑛
𝑚 (𝑤, 𝑥)

}
Γ

∑
𝑦,𝑧

𝐺 (𝑥, 𝑦)𝐻𝑛𝑚 (𝑦, 𝑧)𝜂𝑖 (𝑧)



𝑀2𝑛, 𝐻
𝑛
𝑚 calculation is much cheaper than 𝐺 calculation.
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Hopping parameter expansion (cont’d) [Thron et al.,PRD57:1642(1998)], · · ·

(error)2 of 𝜏ℎ𝛾5 and 𝜏ℎ𝛾𝑘
(large 𝑚𝑞 = 0.3, 𝑛 = 2 for 𝑀2𝑛, 𝐻

2𝑛
𝑚 ) 𝜏ℎΓ = 𝜏𝑀Γ + 𝜏𝑅Γ
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ble F7, n = 2, and a bare quark mass of amq,r = 0.3. For comparison

the variances of the standard random noise estimators (filled red sym-
bols) and the gauge noise of t̄ M
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(hopping, dashed red lines) for the same

mass are also shown
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Fig. 3 Variances for Ns = 1 of the random-noise estimators τ R
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the vector current (right) as a function of the bare quark mass amq for

the ensemble F7 and n = 2. For comparison the variances of the stan-
dard random noise estimators (filled red symbols) and the gauge noise
of t̄ M

",r
(hopping, line symbols) for the same mass are also shown

A clear picture emerges: the bulk of the random-noise
contribution to σ 2

τ̄ ",r
is due to M2n,mr for all bilinears. Once

the latter is subtracted from the propagator and its contribu-
tion to t̄",r is computed exactly, the random noise is reduced
by approximately one order of magnitude or more. Notice
that σ 2

t̄ M
",r

is from 2 (pseudoscalar) up to 5 (vector) orders of

magnitude smaller than σ 2
τ̄ ",r

for Ns = 1.

In Fig. 3, σ 2
τ̄ R
",r

for Ns = 1 and σ 2
t̄ M
",r

multiplied by 10

both for n = 2 are shown as a function of the valence bare
subtracted quark mass amq,r for the pseudoscalar density
and the spatial component of the vector current. As expected
the variance reduction due to the subtraction of M2n,mr gets
larger and larger at heavier quark masses. In particular at
amq,r = 0.3 the variance of the remainder is approximately
one order of magnitude smaller than at the sea quark mass
value of amq,r = 0.00207. It is worth noting that even

at this light mass, the random-noise contribution to σ 2
τ̄ ",r

from M2n,mr is still significant for all bilinears. The vari-
ance reduction due to HPE, however, is only a factor 2 or
so.

All in all data suggest that at heavy masses an efficient esti-
mator of s

",r
is obtained by computing t̄ M

",r
exactly and the

remainder via the stochastic estimator τ̄ R
",r

. Which is the opti-
mal order n and how many random sources Ns are required
for the remainder depend on the bilinear considered and on
the final target observable of interest, see Sect. 6.

5 Differences of single-propagator traces

To analyse the contribution to trace variances from low-
frequency modes of the quark propagator, we consider the
difference of two single-propagator traces with different

123

standard : random noise method
previous page

remainder : only 𝜏𝑅

hopping : only 𝜏𝑀 w/o 𝜂

Hopping parameter expan-

sion is better than standard

Hopping parameter expansion not effective in small 𝑚𝑞
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A clear picture emerges: the bulk of the random-noise
contribution to σ 2

τ̄ ",r
is due to M2n,mr for all bilinears. Once

the latter is subtracted from the propagator and its contribu-
tion to t̄",r is computed exactly, the random noise is reduced
by approximately one order of magnitude or more. Notice
that σ 2

t̄ M
",r

is from 2 (pseudoscalar) up to 5 (vector) orders of

magnitude smaller than σ 2
τ̄ ",r

for Ns = 1.

In Fig. 3, σ 2
τ̄ R
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for Ns = 1 and σ 2
t̄ M
",r

multiplied by 10

both for n = 2 are shown as a function of the valence bare
subtracted quark mass amq,r for the pseudoscalar density
and the spatial component of the vector current. As expected
the variance reduction due to the subtraction of M2n,mr gets
larger and larger at heavier quark masses. In particular at
amq,r = 0.3 the variance of the remainder is approximately
one order of magnitude smaller than at the sea quark mass
value of amq,r = 0.00207. It is worth noting that even

at this light mass, the random-noise contribution to σ 2
τ̄ ",r

from M2n,mr is still significant for all bilinears. The vari-
ance reduction due to HPE, however, is only a factor 2 or
so.

All in all data suggest that at heavy masses an efficient esti-
mator of s

",r
is obtained by computing t̄ M

",r
exactly and the

remainder via the stochastic estimator τ̄ R
",r

. Which is the opti-
mal order n and how many random sources Ns are required
for the remainder depend on the bilinear considered and on
the final target observable of interest, see Sect. 6.

5 Differences of single-propagator traces

To analyse the contribution to trace variances from low-
frequency modes of the quark propagator, we consider the
difference of two single-propagator traces with different
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Variance estimate of difference of single-progator traces

(error)2 ∼ 〈(𝜏𝑟Γ)
2〉 − 〈𝜏𝑟Γ〉

2

Standard method 𝜏
𝑟,𝑚2𝑚1
Γ,std

(error)2 ∼ 𝜎2 + (𝑚2 − 𝑚1)2

𝐿3𝑁𝑠

∑
𝑦1,𝑦2,𝑦3

〈𝑆(𝑦1)𝑃(𝑦2)𝑆(𝑦3)𝑃(0)〉

Split-evne method 𝜏
𝑟,𝑚2𝑚1
Γ,split

(error)2 ∼ 𝜎2 + (𝑚2 − 𝑚1)2

𝐿3𝑁𝑠

∑
𝑦1,®𝑦2,𝑦3

〈𝑃(𝑦1)𝑂Γ(0, ®𝑦2)𝑃(𝑦3)𝑂Γ(0)〉

𝑂Γ = ΨΓΨ, 𝑆 = 𝑂 𝐼 , 𝑃 = 𝑂𝛾5

standard: 𝐿3 · 𝑇 summation vs spilt-even: 𝐿3 summation
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