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Short summary:

Propose efficient calculation method
for single-propagator trace and its difference

0O(10) times efficient than usual method even in small M,

c.f.) g—2 [PRD111:114509(2025)], proton radius [PRL132:211901(2024)],
K — ntt [PoS(LATTICE2024)258]
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Summary

CLS configuration for test calculation: Ncgg = 100, 483 x 96, M, =268 MeV
(m, = 0.00207)

Discussion is highly simplified in this report: e.g., Clover quark — naive quark



Single-propagator trace = disconnected diagram

1 .
(1) = EZTV [TG(x,x)], xo=t, T'=I, yu, ow=5[vuyv]. Yuvs. ¥s5
X

G: fermion propagator = inverse matrix of Dirac operator D(x,y)

ZD(z,x)G(x,y) =6.,, c.f.) S;= Z@(X)D(x,y)\y(y) on lattice
X X,y
flavor-singlet mesons n, o, and electromagnetic form factors for proton, neutron

In lattice QCD, difficult to calculate D1 due to huge size of matrix D

One can calculate ZG(x,z)b(z), e.qg, ZG(x, 2)62x = G(x,x)
é Z

one x per one calculation
Each G calculation is not cheap.

Roughly O(L3T) ~10° calculations of G necessary for ()
x 0(102 ~ 103) configurations

not discuss this reduction

Large calculation cost is demanded for mr(z).



Random-noise estimator [traditional method]
[Bltar et al., NPB313:348(1989)], [UKQCD,PHD58:034506(1998)]

ni(x): Random noise lim Zn, (x)17i(y) = 0x,y

Ng—oo N
(1) = 3NS Z Z Tr

nl <x>r{2 G(x. z)m(Z)H (1) +0 ( vlﬁ)
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[Thron et al.,PRD57:1642(1998), -]
Other traditional method: Hopping parameter expansion
efficient only in large quark mass



Split-even method: difference of single-propagator trace

H~2%, ly’“‘ (U,,(x)éx,xw = UZ(x —,u)o“x,x_ﬂ)]: hopping term independent of m,

Gs - Gu — GuDuGs - GuDsGs — Gu(Du - DS)GS — (mu - mS)GuGs

standard method

g QOl(l‘) g mQ(t) _ L ml(t) (1) = L3N Z Z Tr [771 ()l {Z G (x, Z)Th(Z)H

Fstd
ml _m2 1 ZZTr n; (x)r {Z Gl(x,y)Gz(y,Z)m(Z)}

split-even method

1’;’:5711(” m1i —m2 1 ZZTr HZ n;(w)Go(w, x)} {Z Gl(x,z)m(z)H




Split—even method: difference of single-propagator trace (cont'd)

(error)? of 7,712 and
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times more efficient than standard in small N

even in small m1



Frequency-splitting estimator

Tllfl”(t) = Tllzic(t) +T1711”(l) — T{fl"(t) (: Tllzic(t) +7'1'115(t) - TIT"(Z) +T{11”(t) — Tllz/ls(t))

hopping parameter expansion: effective in large m,. [Thron et al.,PRD57:1642(1998)]

r,m h,m r.myme
() = () + TF,S[I;”tC(t) (my < me)

difference w/ split-even method: effective even in small m,

ramy N _ _hme r,mgmc rmyMmg
T (1) = T (1) + T split (1) + T split (1) (my < mg < me)

Ng

r,m h,m r,mimi_1

=T+ Z TF,sélit] (1) (mj <mj_1, mg=me, my,=my)
J=1

Test calculation

FS1: m.=0.1, my, = 0.00207, and Ns=4,1 for T#’mc(t),T;’?smc(l‘)

2.5 times more expensive than Ny =1 standard

FS2: m; =0.3,0.15,0.06,0.02,0.00207, R
and Ny =10,3,2,1,1 for Tlil’mC(z),rr’S[;”tf‘l(t)
6 times more expensive than Ny =1 standard



Frequency-splitting estimator (conta)
(error)? of 7, and r,, at my, = 0.00207 (M, =268 MeV)
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FS1: m.=0.1, m, =0.00207, and N, =4,1 for 7/"™ (1), (i< (1)
2.5 times more expensive than N, =1 standard
FS2: m;=0.3,0.15,0.06,0.02,0.00207 and N, =10,3,2,1,1 for 7" (1), i/ o (1)

6 times more expensive than N, =1 standard

FS1 7,.: 15 times smaller (error)? / 2.5 times cost
~ 6 times more efficient than standard

FS2 7, 102 times smaller (error)?2 / 6 times cost
~ 15 times more efficient than standard



Frequency-splitting estimator (conta)

(error)? of Tye and 7y, at My =193 MeV w/ N¢rg = 25 on different ensemble
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FS1: mj=0.1,0.01935,0.00108, and Ny =8,1,1 for 7" (r), 7 o1/ (1)
3.3 times more expensive than Ny =1 standard

Ty, . 102 times smaller (error)2 / 3.3 times cost
~ 30 times more efficient than standard



Summary
Calculation cost reduction of single-propgator trace
- split-even method : effective in difference of single-propagator trace
- Frequency-splitting estimator
Hopping parameter expansion -+

difference(s) of single-propagator trace w/ split-even

- O(10) reduction of computational cost of single-propagator trace
even in small M,
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Back up



Hopping parameter expansion [Thron et al.,PRD57:1642(1998)], ---

H
D=ml+H=m(-Hp), Hp= T H o Z [7’# (U,u(x)(sx,xtu - UZ(X - ,u)éx,x—,u)]

M
H,,: hopping term, 1/m ~ hopping parameter

2n—1
mD™1 = mG = ZHk > Hy+ Z HY = Mo, + mGH?"
k=0 k=0 k=2n

m

(1) = %Ni 2. 2T {Z 0t (w)HIL (w, x)} {Z G (x, y) HIL (3, Z)m(Z)}

0 =0, =5 3T )]

M>,, H, calculation is much cheaper than G calculation.
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Hopping parameter expansion (contd)

(error)? of 7. and 7! (large m,=0.3, n=2 for Ma,, H2")
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[Thron et al.,PRD57:1642(1998)], ---

standard :

remainder :

hopping : only ™ w/o n

only t

— M R

random noise method
previous page

Hopping parameter expan-
sion is better than standard

Hopping parameter expansion not effective in small m,
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Variance estimate of difference of single-progator traces

(error)? ~ ((t5)2) — (tF)?

r,moniy
Standard method T std

2
m m
2 ( 2 1)

2
error)< ~ o
(error) L3N,

D (SG1)P(2)S(y3)P(0))
y1,Y2,Y3
r.momi

Split-evne method Tr split

2 (m2 ”11)2
+
L3N,

(error)? ~ o > (P(y1Or(0,72)P(y3)0r(0))

Y1.Y2:¥3 B
Or=¥I'¥, S=0;, P=0,,

standard: L3.T summation vs spilt-even: L3 summation
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