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The need for spectral density

• Continuum spectrum of the QCD Hamiltonian: the differential cross section for the 
process . 

• Flavour–changing non–leptonic decay rates of kaons and heavy-flavoured mesons 

• Deep inelastic scattering cross–section 

•  Thermodynamic observables arising in the study of QCD at finite temperature and of 
the quark–gluon plasma

e+e− → hadrons
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The difficulties for lattice calculations

• Definition of spectral density 

• An inverse Laplace transform is to be performed numerically, which is an ill-posed problem 
when the measured data are affected by uncertainties.

<latexit sha1_base64="1QeLPd1R/DRZFuDR5OSKkT/Ddtw="></latexit>

→ C(t) =

∫ →

0
dE ωL(E) e↑tE

<latexit sha1_base64="HdysTWwjBl3CzOQfpWaNAMERmmY="></latexit>

ωL(E) =
1

L3

∑

ωx

→0|O(0, εx) ϑ(E ↑HL) Ō(0) |0↓L

<latexit sha1_base64="zB7lP95K8jjlhRa8zSrdPqUZTFE="></latexit>

C(t) =
1

L3

∑

ωx

T →0|O(x) Ō(0) |0↑L
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<latexit sha1_base64="F2PqbT/pCFb1gzlvNgowNqLC6mo="></latexit>

C(t) =
∑

n

an
[
e→Ent + e→En(T→t)

]



The difficulties for lattice calculations
An ill-posed question

• Statistical and systematic errors 

• Euclidean time–ordered correlators at discrete values 

• The volume dependence: a discrete spectrum
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<latexit sha1_base64="HdysTWwjBl3CzOQfpWaNAMERmmY="></latexit>

ωL(E) =
1

L3

∑

ωx

→0|O(0, εx) ϑ(E ↑HL) Ō(0) |0↓L

<latexit sha1_base64="XdIsZZktxwjtYSIzlfIJfliTR5Y=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARWtCQiFQ3QkEKXXRRwV6gKWEynbZDJ5MwM1FK6Fu48VXcuFDEre58G6dtFtr6w8DHf87hzPn9iFGpbPvbyKysrq1vZDdzW9s7u3vm/kFThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oZlpv3RMhacjv1Dgi3QANOO1TjJS2PNNyxTD0aoVK8dqVceAlfOKewgePF2pFDW6PMIUKlbPKzCl6Zt627JngMjgp5EGqumd+ub0QxwHhCjMkZcexI9VNkFAUMzLJubEkEcIjNCAdjRwFRHaT2V0TeKKdHuyHQj+u4Mz9PZGgQMpx4OvOAKmhXKxNzf9qnVj1r7oJ5VGsCMfzRf2YQRXCaUiwRwXBio01ICyo/ivEQyQQVjrKnA7BWTx5GZrnllOySrcX+XI1jSMLjsAxKAAHXIIyqII6aAAMHsEzeAVvxpPxYrwbH/PWjJHOHII/Mj5/AMFlnSo=</latexit>

ωL(E) =
∑

n

wn(L) ε(E → En(L))



The idea of the Buckus-Gilbert method

• Central idea: to optimise the amount of information that can be extracted from noisy 
measurements, by focusing on the calculation of smeared spectral densities

<latexit sha1_base64="rDcKtH61QCyrpgIntW/THEPH53s="></latexit>

C(t) =

∫ →

0
dE ωL(E) bT (t, E),with bT (t, E) = e↑tE + e↑(T↑t)E

basis function
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<latexit sha1_base64="v6YozsX+pOB+8vJyxKG4Ph/H8Y0="></latexit>

ωL(E) =
∑

n

wn(L) ε(E → En(L)) ↑ ω̂L(ϑ, Eω) =

∫ →

0
dE!ε(Eω, E) ωL(E)

<latexit sha1_base64="zw9073FJJv90UDCNZa3xRyq/cew="></latexit>

ω(Eω) = lim
ε→0

lim
L→↑

ω̂L(ε, Eω)
smeared spectral densities



The idea of the Buckus-Gilbert method

<latexit sha1_base64="Zoz6jyz5n8Wo4J98T4SrpVmFybw="></latexit>

!BG(Eω, E) =
tmax∑

t=0

gt(Eω) bT (t+ 1, E)

<latexit sha1_base64="hAjRYd584tKAHJkqcqHLYa6UQvk="></latexit>

ω̂BG
L (Eω) =

tmax∑

t=0

gt(Eω)C(t+ 1)

=

∫ →

0
dE ωL(E)!BG(Eω, E)

<latexit sha1_base64="FafFJC/qE5Kno4Rnrdve5/hGnBo="></latexit>

g(Eω) =
A→1(Eω)R

RT A→1(Eω)R

<latexit sha1_base64="R9h44cRDXpuONKIYV1qDiaTcmwM=">AAACDnicbVDLSgMxFM34rPVVdekmWAoVS5kRqW6EghS6rNIXtHXIpJk2NJMZkjtCKf0CN/6KGxeKuHXtzr8xfSy09UByD+fcS3KPFwmuwba/rZXVtfWNzcRWcntnd28/dXBY12GsKKvRUISq6RHNBJesBhwEa0aKkcATrOENbiZ+44EpzUNZhWHEOgHpSe5zSsBIbipz5wK+xm0uwbXvTfFh2M7hbslcnlvNwpmTK526qbSdt6fAy8SZkzSao+KmvtrdkMYBk0AF0brl2BF0RkQBp4KNk+1Ys4jQAemxlqGSBEx3RtN1xjhjlC72Q2WOBDxVf0+MSKD1MPBMZ0Cgrxe9ifif14rBv+qMuIxiYJLOHvJjgSHEk2xwlytGQQwNIVRx81dM+0QRCibBpAnBWVx5mdTP804hX7i9SBfL8zgS6BidoCxy0CUqojKqoBqi6BE9o1f0Zj1ZL9a79TFrXbHmM0foD6zPH/fWmYo=</latexit>

Rt =

∫ →

0
dE bT (t+ 1, E)

<latexit sha1_base64="yV0fH/0C3kRZOYptWD+51kbduR4="></latexit>

Atr(Eω) =

∫ →

0
dE (E → Eω)

2 bT (t+ 1, E) bT (r + 1, E)

<latexit sha1_base64="NMEVtsKIAUhcBWywGVeQtxDx+3U=">AAACFnicbVDLSgMxFM3Ud32NunQTLIJCLTMi1Y0garHLCtYKnXbIpJk2NJMZkjtCGfoVbvwVNy4UcSvu/BvT2oWvA8k9nHMvyT1BIrgGx/mwclPTM7Nz8wv5xaXllVV7bf1ax6mirE5jEaubgGgmuGR14CDYTaIYiQLBGkH/bOQ3bpnSPJZXMEhYKyJdyUNOCRjJt/c8LsF32qaEMPCKuFMxl3fOBJB2dnox3Kn4ngaiipXdY9e3C07JGQP/Je6EFNAENd9+9zoxTSMmgQqiddN1EmhlRAGngg3zXqpZQmifdFnTUEkiplvZeK0h3jZKB4exMkcCHqvfJzISaT2IAtMZEejp395I/M9rphAetTIukxSYpF8PhanAEONRRrjDFaMgBoYQqrj5K6Y9oggFk2TehOD+Xvkvud4vueVS+fKgcFKdxDGPNtEW2kEuOkQnqIpqqI4oukMP6Ak9W/fWo/VivX615qzJzAb6AevtE1wSnaA=</latexit>∫ →

0
dE!BG(Eω, E) = 1with

• Smeared spectral density

smearing function

<latexit sha1_base64="Ka1TP9QId0N60j5fkEYZ7T7YlJ4="></latexit>

ABG[g] =

∫ →

0
dE (E → Eω)

2
{
!BG(Eω, E)

}2

minimizing
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The idea of the Buckus-Gilbert method
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The idea of the Buckus-Gilbert method
• Consider statistical errors

<latexit sha1_base64="lev/gd/a+tgZ3MGS1Ynsm2Aj0RA=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKobodBNlxXsBZoQJpNpO3RyYeZEKKFbN76KGxeKuPUN3Pk2TtsstPXAwMf/n8OZ8/uJ4Aos69sorK1vbG4Vt0s7u3v7B+bhUUfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf9yY+d0HJhWPo3uYJMwNyTDiA04JaMkzccPjFTi/dXwicUMTvsBOwASQ3PHMslW15oVXwc6hjPJqeeaXE8Q0DVkEVBCl+raVgJsRCZwKNi05qWIJoWMyZH2NEQmZcrP5JVN8ppUAD2KpXwR4rv6eyEio1CT0dWdIYKSWvZn4n9dPYXDjZjxKUmARXSwapAJDjGex4IBLRkFMNBAquf4rpiMiCQUdXkmHYC+fvAqdy6pdq9bursr1Zh5HEZ2gU1RBNrpGddRELdRGFD2iZ/SK3own48V4Nz4WrQUjnzlGf8r4/AEwEpeD</latexit>

Ci(t) = C̄(t) + ωCi(t) <latexit sha1_base64="YR9cEkNuKu1/TBUP2xglR3zr15E=">AAACH3icbVDLSgMxFM34rPVVdekmWAQXUmZEqhuh2E2XFfqCzlgyadqGZiZDcqdQhv6JG3/FjQtFxF3/xkzbhW29EHJy7rnk3ONHgmuw7am1sbm1vbOb2cvuHxweHedOThtaxoqyOpVCqpZPNBM8ZHXgIFgrUowEvmBNf1hO+80RU5rLsAbjiHkB6Ye8xykBQ3Vyxcd233vAri9FV48DcyX9yXPNvcZuQGAAkJTlaJI+lxSdXN4u2LPC68BZgDxaVLWT+3G7ksYBC4EKonXbsSPwEqKAU8EmWTfWLCJ0SPqsbWBIAqa9ZLbfBF8apot7UpkTAp6xfycSEujUmlGmpvVqLyX/67Vj6N17CQ+jGFhI5x/1YoFB4jQs3OWKURBjAwhV3HjFdEAUoWAizZoQnNWV10HjpuAUC8Wn23ypsogjg87RBbpCDrpDJVRBVVRHFL2gN/SBPq1X6936sr7n0g1rMXOGlsqa/gLTnqOK</latexit>

B[g] = gT Cov g

<latexit sha1_base64="MPcZj1rOr1KrEyIsCxOvoRxPUbI="></latexit>

Covtr =
1

N → 1

N→1∑

i=0

ωCi(t+ 1)ωCi(r + 1)

minimizing
<latexit sha1_base64="tdYibibo7F7gB4QgM4J6g8tpAHs=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgVtSQi1Y1Q68IuK9gHJCFMJpN26OTBzEQoob/hxl9x40IRl7ryb5y2WWjrgYFzz7mXO/d4CaNCGsa3trC4tLyyWlgrrm9sbm3rO7ttEacckxaOWcy7HhKE0Yi0JJWMdBNOUOgx0vEGN2O/80C4oHF0L4cJcULUi2hAMZJKcnWjY9lMtfvopOdclc3TvDq6drP67cjqOfA4l2BdVbarl4yKMQGcJ2ZOSiBH09U/bT/GaUgiiRkSwjKNRDoZ4pJiRkZFOxUkQXiAesRSNEIhEU42uWwED5XiwyDm6kUSTtTfExkKhRiGnuoMkeyLWW8s/udZqQwunYxGSSpJhKeLgpRBGcNxTNCnnGDJhoogzKn6K8R9xBGWKsyiCsGcPXmetM8qZrVSvTsv1Rp5HAWwDw5AGZjgAtRAAzRBC2DwCJ7BK3jTnrQX7V37mLYuaPnMHvgD7esHg4OeyQ==</latexit>

W [ω, g] = (1→ ω)ABG[g] + ωB[g]

<latexit sha1_base64="1fZMVy4mShxqGsrX2nzwAE3spIs="></latexit>

→ g(ω, Eω) =
W→1(ω, Eω)R

RT W→1(ω, Eω)R

<latexit sha1_base64="iCtx/EoHnDgnS2M5jmR4otsxGI4="></latexit>

Wtr(ω, Eω) = (1→ ω)Atr(Eω) + ω Covtrwith

: a free parameter chosen in the range [0,1]
<latexit sha1_base64="4PYyXkjoNr/MZro80/UE0xAOGWQ=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy46bKCfUAbymRy0w6dTMLMRCihH+HGhSJu/R53/o3TNgttPTBwOOdc5t4TpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByP/e7T6g0T+Sjmabox3QkecQZNVbqDoSNhnRYqbo1dwGyTryCVKFAa1j5GoQJy2KUhgmqdd9zU+PnVBnOBM7Kg0xjStmEjrBvqaQxaj9frDsjl1YJSZQo+6QhC/X3RE5jradxYJMxNWO96s3F/7x+ZqI7P+cyzQxKtvwoygQxCZnfTkKukBkxtYQyxe2uhI2poszYhsq2BG/15HXSua559Vr94abaaBZ1lOAcLuAKPLiFBjShBW1gMIFneIU3J3VenHfnYxndcIqZM/gD5/MHQiWPjg==</latexit>

ω
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From B.-G. to the HLT method
Smearing function as an input

• The target smearing function becomes an input to the algorithm, for example, a 
Gaussian function: 

• The method then searches for an optimal approximation of the target smearing 
function in the space spanned by the basis functions:

<latexit sha1_base64="wngnbyUDImPu9XVIfnE6TiK2hmI="></latexit>

!ω(Eε, E) =
e→

(E→Eω)2

2ε2

∫↑
0 dE e→

(E→Eω)2

2ε2

<latexit sha1_base64="hZuuPOk6mwdDw1bXGiT2js7o0FA="></latexit>

!̄ω(Eε, E) =
tmax∑

t=0

gt(ω, Eε) bT (t+ 1, E)

11

basis function



From B.-G. to the HLT method
<latexit sha1_base64="9cQb8Iisv6OiWx8MuB06dEz56Tg="></latexit>

W [ω, g] = (1→ ω)A[g] + ω
B[g]

C(0)2

<latexit sha1_base64="FKuOEaXCNJwumyIubp98e9hFF8o="></latexit>

A[g] =

∫ →

E0

dE
∣∣!̄ω(Eε, E)→!ω(Eε, E)

∣∣2

<latexit sha1_base64="YR9cEkNuKu1/TBUP2xglR3zr15E=">AAACH3icbVDLSgMxFM34rPVVdekmWAQXUmZEqhuh2E2XFfqCzlgyadqGZiZDcqdQhv6JG3/FjQtFxF3/xkzbhW29EHJy7rnk3ONHgmuw7am1sbm1vbOb2cvuHxweHedOThtaxoqyOpVCqpZPNBM8ZHXgIFgrUowEvmBNf1hO+80RU5rLsAbjiHkB6Ye8xykBQ3Vyxcd233vAri9FV48DcyX9yXPNvcZuQGAAkJTlaJI+lxSdXN4u2LPC68BZgDxaVLWT+3G7ksYBC4EKonXbsSPwEqKAU8EmWTfWLCJ0SPqsbWBIAqa9ZLbfBF8apot7UpkTAp6xfycSEujUmlGmpvVqLyX/67Vj6N17CQ+jGFhI5x/1YoFB4jQs3OWKURBjAwhV3HjFdEAUoWAizZoQnNWV10HjpuAUC8Wn23ypsogjg87RBbpCDrpDJVRBVVRHFL2gN/SBPq1X6936sr7n0g1rMXOGlsqa/gLTnqOK</latexit>

B[g] = gT Cov g

<latexit sha1_base64="l+2QEof8/2Z2qfr5Ug05kM1grCc="></latexit>

→ g(ω, Eω) = W→1(ω)f(ω, Eω)

+ W→1(ω)R
1↑ εRT W→1(ω) εf(ω, Eω)

RT W→1(ω)R

<latexit sha1_base64="IiPXUH0F/HlTWWtOTw40BBIE93k="></latexit>

ft(ω, Eω) = (1→ ω)

∫ →

E0

dE bT (t+ 1, E)!ε(Eω, E)

<latexit sha1_base64="rjQebcuc7EsPCdRk6ZmOOLuaWaA="></latexit>

Wtr(ω) = (1→ ω)Atr + ω
Covtr
C(0)2

<latexit sha1_base64="RteP0EwoGhdu+d3Xaon+ny41Ucc="></latexit>

Atr =

∫ →

E0

dE bT (t+ 1, E) bT (r + 1, E)
12

minimizing

target smearing functionbasis function
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From B.-G. to the HLT method
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Basis function: exp Basis function: cosh

• In the Backus–Gilbert method, by changing 
tmax, one gets a different (sharper) function. 

• In the HLT method, by increasing t-max, one 
gets a better approximation of the target 
smearing function.



From B.-G. to the HLT method

•  Difference between the target and the 
approximated smearing functions

<latexit sha1_base64="Tt2Ru3YHA/bMEAoQ/NoZKqQax+s=">AAACQnicdZBLSwMxFIUzPmt9VV26CRahgpYZEXUjCFrosoJtlU4pd9JMDc08SO4IZehvc+MvcOcPcONCEbcuTB8LbfVA4HDOvST5vFgKjbb9bM3Mzs0vLGaWsssrq2vruY3Nmo4SxXiVRTJSNx5oLkXIqyhQ8ptYcQg8yete92LQ1++50iIKr7EX82YAnVD4ggGaqJW7ddtcIrRcLToBFErGIKj90t6Zc+D6CljqeqCoe/n3VD/9t2nl8nbRHopOG2ds8mSsSiv35LYjlgQ8RCZB64Zjx9hMQaFgkvezbqJ5DKwLHd4wNoSA62Y6RNCnuyZpUz9S5oRIh+nPjRQCrXuBZyYDwDs92Q3Cv7pGgv5pMxVhnCAP2egiP5EUIzrgSdtCcYayZwwwJcxbKbsDAw4N9ayB4Ex+edrUDovOcfH46ih/Xh7jyJBtskMKxCEn5JyUSYVUCSMP5IW8kXfr0Xq1PqzP0eiMNd7ZIr9kfX0Dh6SwNA==</latexit>

ωω(Eε, E) = 1→ !̄ω(Eε, E)

!ω(Eε, E)
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From B.-G. to the HLT method

• Choosing the trade-off parameters, 
<latexit sha1_base64="4PYyXkjoNr/MZro80/UE0xAOGWQ=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy46bKCfUAbymRy0w6dTMLMRCihH+HGhSJu/R53/o3TNgttPTBwOOdc5t4TpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByP/e7T6g0T+Sjmabox3QkecQZNVbqDoSNhnRYqbo1dwGyTryCVKFAa1j5GoQJy2KUhgmqdd9zU+PnVBnOBM7Kg0xjStmEjrBvqaQxaj9frDsjl1YJSZQo+6QhC/X3RE5jradxYJMxNWO96s3F/7x+ZqI7P+cyzQxKtvwoygQxCZnfTkKukBkxtYQyxe2uhI2poszYhsq2BG/15HXSua559Vr94abaaBZ1lOAcLuAKPLiFBjShBW1gMIFneIU3J3VenHfnYxndcIqZM/gD5/MHQiWPjg==</latexit>

ω

<latexit sha1_base64="OHKyGbH49m9xBEQkSOzbg4N/dj4=">AAACGXicbVDNSsNAGNz4W+tf1KOXxSJUkJKIVC9CQYQeK9im0ISw2WzapZtN2N0IJfQ1vPgqXjwo4lFPvo3bNoK2DiwMM/Px7TdByqhUlvVlLC2vrK6tlzbKm1vbO7vm3n5HJpnApI0TlohugCRhlJO2ooqRbioIigNGnGB4PfGdeyIkTfidGqXEi1Gf04hipLTkm5ZTdZmOh+j0xnelQuLkyun9SP0F0/PNilWzpoCLxC5IBRRo+eaHGyY4iwlXmCEpe7aVKi9HQlHMyLjsZpKkCA9Rn/Q05Sgm0sunl43hsVZCGCVCP67gVP09kaNYylEc6GSM1EDOexPxP6+XqejSyylPM0U4ni2KMgZVAic1wZAKghUbaYKwoPqvEA+QQFjpMsu6BHv+5EXSOavZ9Vr99rzSaBZ1lMAhOAJVYIML0ABN0AJtgMEDeAIv4NV4NJ6NN+N9Fl0yipkD8AfG5zeXr593</latexit>

W (ω, Eω) = W [ω, g(ω, Eω)]
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Some examples
No errors

• Orange points: BG, Blue point: HLT method
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Some examples
with errors and  dependanceλ

• Orange points: only statistical error, Blue points: adding systematic errors
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Some examples
QCD data
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Summary

• Buckus-Gilbert method: Smearing function to prob the spectrum density is an output 

➡ With large t-max, it goes closer to a delta function 

• HLT method: Smearing function is an input to find the best overlap of basis functions 

➡ With large t-max, it goes closer to the target smearing function 

• Examining the  and  parametersλ σ
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