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Bulk/Boundary 対応

2D JT Gravity ⇐⇒ random ensemble of QMs

3D Gravity ?⇐⇒ random ensemble? of 2D CFTs

3D (exotic) Gravity ?⇐⇒ averaging 2D CFTs over M
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TD をターゲットとした sigma model

I = 1
4πα′

∫
d2σ(Gpqδ

αβ + iBpqϵ
αβ)∂αX

p∂βX
q, (1)

Xp ' Xp + 2π, 1 ≤ p ≤ D.

central charge (cL, cR) = (D,D),

U(1)D × U(1)D current algebra Jp(z) = i∂Xp(z), J̄p(z̄) = i∂̄Xp(z̄).

Narain moduli space

{Epq = Gpq +Bpq} ' SO(D)×SO(D)\SO(D,D), (2)
MD ' SO(D)×SO(D)\SO(D,D)/SO(D,D;Z). (3)

dimR MD = D2.
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Even unimodular (self-dual) lattice in RD,D

(
pâ

L

pâ
R

)
=

D∑
p=1

1√
2

(
eâp

eâp

)
np +

D∑
q=1

1√
2

(
eâpÊpq

−eâpÊt
pq

)
wq, (4)

eâpeâq = Ĝpq, np, w
q ∈ Z.

genus one partition function (X : T 2 → TD)

Z(m, τ) = Θ(m, τ)
|η(q)|2D

, m ∈ MD, τ ∈ H,

Dedekind eta function

η(q) = q1/24
∞∏

n=1
(1 − qn), q = e2πiτ .
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Siegel-Narain theta function

Θ(m, τ) =
∑

(pL;pR)

qp2
L/2q̄p2

R/2

=
∑

n⃗,w⃗∈ZD

Q(n⃗, w⃗;m, τ), (5)

Q(n⃗, w⃗;m, τ) = exp
[
2πiτ1npw

p − πτ2(α′Gprvpvr + Gqs

α′ w
qws)

]
, (6)

vp := np + Bpq

α′ w
q.
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Upper half plane
H = {τ = τ1 + iτ2 | τ2 > 0},

ds2 = dτ2
1 + dτ2

2
τ2

2
, ∆H = −τ2

2

(
∂2

∂τ2
1

+ ∂2

∂τ2
2

)
.

PSL(2;Z) の作用
γ =

(
a b
c d

)
: τ 7→ γ(τ) = aτ + b

cτ + d
.

Even unimodular lattice ⇒ 分配関数の modular 不変性

Θ
(
m,

aτ + b

cτ + d

)
= |cτ + d|DΘ(m, τ), Z

(
m,

aτ + b

cτ + d

)
= Z(m, τ).

6 / 25



Introduction
2D CFT

3D Gravity

MD の Zamolodchikov metric

Marginal operator

O(z) = (δĜpq + δB̂pq)∂Xp(z)∂̄Xq(z̄).

⇒ O(z)O(w) ∼ 1
(2π)2

ĜprĜqs(δĜpqδĜrs + δB̂pqδB̂rs)
|z − w|4

+ · · · ,

ds2 = ĜprĜqs(dĜpqdĜrs + dB̂pqdB̂rs)
= tr(Ĝ−1dĜĜ−1dĜ− Ĝ−1dB̂Ĝ−1dB̂). (7)
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D = 1 の場合

I = R2

4πα′

∫
d2σ∂αX∂αX, G11 = R2.

Z(R, τ) = Θ(R, τ)
|η(τ)|2

, Θ(R, τ) =
∑

n,w∈Z

Q(n,w;R, τ),

Q(n,w;R, τ) = exp
[
2πiτ1nw − πτ2

(
α′n2

R2 + R2w2

α′

)]
.

M1 = {R̂ | R̂ ≥ 1}, ds2 = 4dR
2

R2 , ∆M1 = −1
4

(
R
∂

∂R

)2

.
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[
τ2

2

(
∂2

∂τ2
1

+ ∂2

∂τ2
2

)
+ τ2

∂

∂τ2
− 1

4

(
R
∂

∂R

)2
]
Q = 0,

∴
[
τ2

2

(
∂2

∂τ2
1

+ ∂2

∂τ2
2

)
+ τ2

∂

∂τ2
− 1

4

(
R
∂

∂R

)2
]

Θ(R, τ) = 0.

(
∆H − τ2

∂

∂τ2
− ∆M1

)
Θ(R, τ) = 0. (8)

9 / 25



Introduction
2D CFT

3D Gravity

Z(R, τ) を M1 上で積分したい

F1(τ) =
∫ ∞

√
α′

2dR
R

Θ(R, τ).

Θ ∼ R (R → ∞) より発散する.

[
τ2

2

(
∂2

∂τ2
1

+ ∂2

∂τ2
2

)
+ τ2

∂

∂τ2

]
F1(τ) = 1

2

∫ ∞

1

dR̂

R̂

(
R̂
∂

∂R̂

)2

Θ(R, τ)

= 1
2

∫ ∞

1
dR̂

∂

∂R̂

(
R̂
∂

∂R̂
Θ(R, τ)

)
R̂ = ∞ の表面項が残る.
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D = 2 の場合 (X : T 2 → T 2)

(
Ĝ11 Ĝ12
Ĝ21 Ĝ22

)
= ρ2

φ2

(
|φ|2 φ1
φ1 1

)
,

(
B̂11 B̂12
B̂21 B̂22

)
=

(
0 ρ1

−ρ1 0

)
.

ds2 = 2dφ
2
1 + dφ2

2
φ2

2
+ 2dρ

2
1 + dρ2

2
ρ2

2
.

M2 = (SL(2;Z)\H)2/Z2×Z2

vol(M2) = (π/3)2 < ∞, しかし Θ(φ, ρ, τ) の積分は発散:∫
M2

dφ1dφ2dρ1dρ2

φ2
2ρ

2
2

Θ(φ, ρ, τ) = ∞.
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Q = qp2
L/2q̄p2

R/2 として

[
−τ2

2

(
∂2

∂τ2
1

+ ∂2

∂τ2
2

)
− 2τ2

∂

∂τ2
+ 1

2
φ2

2

(
∂2

∂φ2
1

+ ∂2

∂φ2
2

)
+ 1

2
ρ2

2

(
∂2

∂ρ2
1

+ ∂2

∂ρ2
2

)]
Q = 0.

つまり (
∆H − 2τ2

∂

∂τ2
− ∆M2

)
Q = 0. (9)

Θ(φ, ρ, τ) =
∑
格子点Q も同じ微分方程式に従う.
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D > 2 の場合

FD(τ) =
∫

MD

dµ(m)Θ(m, τ) < ∞,

∫
MD

dµ(m) = 1. (10)

(
∆H −Dτ2

∂

∂τ2
− ∆MD

)
Θ(m, τ) = 0, (11)

⇒
(

∆H −Dτ2
∂

∂τ2

)
FD(τ) = 0. (12)

lim
τ2→∞

FD(τ) = 1. (13)
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FD

(
aτ + b

cτ + d

)
= |cτ + d|DFD(τ), Im

(
aτ + b

cτ + d

)
= Im τ

|cτ + d|2
.

Modular 不変な組み合わせ

WD(τ) = τ
D/2
2 FD(τ), τ2 = Im τ.

Laplacian の固有関数
(∆H + s(s− 1))WD(τ) = 0, s = D/2. (14)

WD(τ) ∼ τ
D/2
2 + O(τ1−D/2

2 ), τ2 → ∞.
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主張 WD(τ) は以下の Es(τ), s = D/2, に一致する.

Es(τ) =
∑

(c,d)=1

τs
2

|cτ + d|2s
. (15)

(c, d) = 1 ならば ある (a, b) があって

γ =
(
a b
c d

)
∈ SL(2;Z), τs

2
|cτ + d|2s

= (Im(γτ))s.

(a, b) の不定性は (a, b) 7→ (a, b) + n(c, d),(
a b
c d

)
7→

(
a+ nc b+ nd
c d

)
=

(
1 n
0 1

) (
a b
c d

)
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(
1 n
0 1

) (
a b
c d

)
: τ 7→ aτ + b

cτ + d
+ n

Im τ(= τ2) への作用は (a, b) のとり方に依らず, (c, d) だけで決まる.

Es(τ) =
∑

γ∈P \SL(2;Z)

(Im(γτ))s, P =
{(

1 n
0 1

)}
⊂ SL(2;Z).

Es=D/2(τ) と WD(τ) との共通点
• (Im τ)s の modular-images の和だから, Es(τ) も modular invariant.
• (∆H + s(s− 1))τs

2 = 0 ⇒ (∆H + s(s− 1))Es(τ) = 0. ∆H は SL(2; R)-不変

• Es(τ) ∼ τs
2 + O(τ1−s

2 ) (τ2 → ∞).
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WD(τ) − ED/2(τ): ∆H 固有値 −s(s− 1) < 0 固有関数,

|WD(τ) − ED/2(τ)| ∼ Cτ1−s
2 (τ2 → ∞) ⇒ SL(2;Z)\H 上 2乗可積分,

∴ WD(τ) − ED/2(τ) = 0. □

従って CFT 分配関数の MD 上平均値は

〈Z(m, τ)〉 =
∫

MD

dµ(m)Z(m, τ) =
ED/2(τ)

τ
D/2
2 |η(τ)|2D

. (16)
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主張 bulk 理論は以下の U(1)2D Chern-Simons 理論の作用を持つ重力理論

ICS =
2D∑

I,J=1

ΛI,J

2π

∫
Y

AI ∧ dAJ = D copies of 1
2π

∫
Y

A ∧ dB, (17)

(ΛI,J) =
(

0 1
1 0

)
⊕ · · · ⊕

(
0 1
1 0

)
(even integral unimodular form).

• 忠実な U(1)2D Chern-Simons 理論の量子化では無い
• ∂Y (3) = Σ(2) なる Y (3)
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Chern-Simons 理論の経路積分

I
U(1)
CS = 1

2π

∫
Y

A ∧ dA ⇒ 1
2π

∫
Y

A ∧ dA+ 1
2π

∫
Y

d3x
√
g(ϕDiA

i + c̄DiD
ic).

L = ∗d± d∗ : Ω1 ⊕ Ω3 7→ Ω1 ⊕ Ω3 として
1

2π

∫
Y

A ∧ dA+ 1
2π

∫
Y

d3x
√
gϕDiA

i

= 1
2π

∫
Y

d3x
√
g〈A+ 1

2 ∗ ϕ,L(A+ 1
2 ∗ ϕ)〉g.

更に
L2 = ∆1 ⊕ ∆3.
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∴ Z
U(1)
CS = det′ ∆0√

det′ L
= (det′ ∆0)3/4

(det′ ∆1)1/4 .

A± = (B ±A)/
√

2 とおくと

ID=1
CS = 1

2π

∫
Y

A ∧ dB = 1
2π

∫
Y

(A+ ∧ dA+ −A− ∧ dA−),

∴ ZD=1
CS = (det′ ∆0)3/2

(det′ ∆1)1/2 . (18)

右辺は Ray-Singer 解析的 torsion (位相不変量).

∆0,1 zero modes は考慮しない.
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境界 T 2(τ) ⇒ 経路積分で足す Y は双曲的な solid torus.

(pure gravity の saddle points と同じ)

solid torus の構成
• 双曲的空間 (Euclidean AdS3)

H3 =
{

(x, y, z) ∈ R3 | z > 0
}
, ds2 = dx2 + dy2 + dz2

z2 , Rij = −2 gij .

座標変換
(x, y, z) =

(
et tanh r cosϕ, et tanh r sinϕ, et

cosh r

)
ds2 = cosh2 r dt2 + dr2 + sinh2 r dϕ2. (19)

• solid torus = H3/Z, Z ⊂ PSL(2;C) (Möbius 変換群).
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solid torus の分類
T 2 ∼= S1 × S1 → D2 × S1.

• Y0,1 (thermal AdS3): ϕ+ it ∼ ϕ+ it+ 2π ∼ ϕ+ it+ 2πτ.

• Y1,0 (BTZ black hole): ϕ+ it ∼ ϕ+ it+ 2π ∼ ϕ+ it− 2π 1
τ
.

• Yc,d (cβ + dα が可縮): ϕ+ it ∼ ϕ+ it+ 2π ∼ ϕ+ it+ 2πaτ+b
cτ+d

.

α

β
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熱核の方法で det′ ∆ を求める．

Kt(x, x′) =
∑

n

e−λntψn(x)ψn(x′), ∆ψn = λnψn,

∂

∂t
Kt + ∆Kt = 0, K0(x, x′) = δ(x, x′).

− log det ∆ =
∫ ∞

0

dt

t

∫
Y

d3x
√
g Kt(x, x).

H3, ∆ = ∆0 の場合

KH3
t (x, x′) = e−t− d2

4t

(4πt)3/2
d

sinh d
, d = d(x, x′).
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ハンドル体 Y = H3/G, Schottky 群 G ⊂ PSL(2;C) の場合

K
H3/G
t (x, x′) =

∑
γ∈G

KH3
t (x, γ(x′)).

det′∆0 = exp
(

−vol(H3/G)
6π

) ∏
γ∈P

∞∏
l,l′=1

(1 − ql
γ q̄

l′

γ )2,

det ∆1 = det′∆0
∏
γ∈P

∞∏
l,l′=0

(1 − ql
γ q̄

l′+1
γ )2(1 − ql+1

γ q̄l′

γ )2.

(det′ ∆0)3/2

(det′ ∆1)1/2 = exp
(

−vol(H3/G)
6π

) ∏
γ∈P

∞∏
n=1

1
|1 − qn

γ |2
(20)
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特に solid torus Y0,1 の場合　 G ∼= Z: (ϕ, t) 7→ (ϕ+ 2πτ1, t+ 2πτ2).

vol(H3/Z) = −π2 Im τ (holographic renorm.)

ZD=1
CS (Y0,1) = (det′ ∆0)3/2

(det′ ∆1)1/2 = |q|−1/12
∞∏

n=1

1
|1 − qn|2

= 1
|η(τ)|2

. (21)

Zbulk(τ) =
∑

(c,d)=1

ZD
CS(Yc,d) =

∑
γ∈P \SL(2;Z)

1
|η(γ(τ))|2D

=
ED/2(τ)

τ
D/2
2 |η(τ)|2D

= 〈Z(m, τ)〉boundary. (22)
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