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Dynamical PT

EBE - EBNY ~ILREE

Mz, =c,zn, (1)
M =D+ A, D =diag(er, - ,€en), (2)
N
i = Z zZem, zn =1 3)
m=1

(1) D nth B9 (Mz,)" =e,2", mth K53 (Mz,)" =&,z
E&fE c, ZHHELT

(Mz,)™zl = (Mz,)" 2",

(2Mem + A ZLAT) 20 = (206 + XY 2LAT) 2, (Az)" =50 LA
(€n —€em)zl = A (3, 2LA — 2 30 2LAT),  m#n,
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EEmRE LTOEBEANY ~L

Zn :Fn(zn)7
Fa(za)™ = 67 + 267 (Yo AT — 20 3" 447, (4)
l l
om :{(en—em)l m#n
0 m=n
N X735 & £ DER
A::t(ZI,ZQ,...7ZN), Anm:Z;an

F(A) = t(Fl(Zl),FQ(ZQ), 000 7FN(ZN)).

F OEER = N HEOEEARST b

A\
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#LWEDEA

(Ax B)pm := Apm - Bam (Hadamard).
(Ab B)nm = Ann - Bum A B = (Ix A)B.

F OFRT

F(A) =T+ X0 * (AA — (AA) > A).

k REM BB HNF R

|

AW = PR =FoFo---0F(I). (6)
e = (M) = en + AAD A). (7)
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5 {F°k(I)} DULR

ZART ML JILL || -

1M1 := /ttmax (MTM).

=1
o |A+B| <A +|B| ($mEk/3 ARER)
o A Bl <|All-B|l (HTEH)
o |AxB| < [IAl- Bl (HFEMH)
o |AvB| < [IAl- Bl (FHTEMH)

T Al =1 e LT—HRiEZERDEL.

A

A ——
A

A A A

Dynamical PT for Eigenvalue Problems



BAEK

B,(I)={A| |A-1I|| <r}.

A€ B ()= Al < A-I|+ ]| <1+

IF(A) = Il < [IAONI(IAI + A7) < [AOII(L + 7+ (1 +1)%).

|

INOI(L+7)(2+7)<r = F:B.(I)— B.(I).

|
<
|
<
A\

R ES
F(A)—F(B)=X0%(A —B' —A'bA+B'>B) A =AA
= |F(4) - F(B)|| < | @)1 + | A+ B|)A - B.

' A, B e B.(I)

= |F(4) - F(B)|| < |AO|(1 +2(1 +1))[A - B]|.

S BIZNO|(B+2r) <1

= F [3f@NE&. ]
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Banach OFE = EIE

F:B.(I) = B,(I) ’MENEGDEE, FOF(I) 1E B, (I) NOE—DEESICIET 3.

HIN3B |\O| DEEE

‘ r/((r+1)*(r+‘2)) e
1/(2%(r+1)+1)

0.35

03

0.25 -

02

Convergence

r=v2= |\ < (3-2v2)0] ! drE AW = For(I) 13INEK L THERENEEAY ML,
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Rayleigh-Schrodinger PT

(D4 M\A)z, = enzp, 1<n<N.

Z /\ls(l Fp = Z )\lsz),

1>0 1>0
N
20 = (aN e, (@)™ = g™, (@M = .
m=1
A REE (D —€,)20) = Z el 2(=9) _ AZU-D),
1<s<l

Recursion relations

(em — €)@ = D e (@) = @V A)y

1<s<l

= e =(aDA)n. (@A) = Ty (a)say
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-1
Q

a® = 9« (a(lfl)A _ Z(a(S)A) > a(l7571)>.

s=0

k
A%ﬂ; = Z Aa®,
1=0

cf. AU = F(ATD) = T4+20 % (ATDA = (A7D2) b AUY),
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D & RS D&

AP = AE) L ok,

Proof
AD =49 1

| A

AETD — AFD L o(k) = TE A + OOF) LRET B L

A = PG ™)

=T+ 20 (270 Ma®A — (55 MaBD Ay b E1 Amam)) 4 O(AF+1)

=TI+ Y5 MO x (al-DA - T (@A) b al=o=D) + O(AF+1)

=T+ Y5 Na® 4 oAk

= A% + Okt O
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B Rl

(5 9 D)

ey = (1+v/T14X7)/2,

f21 = (1,e—/N), 'za = (—e— /N 1)~ (1,e+/N),

= branch point sing. at A\ = +i/2
= UIRHFER R=1/2 for RS PT.
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YRR A

-1 0. 1.

— D-PT
RS-PT

o singularities

e
\S‘)\ 0 0
-1 -1
-1 0. 1
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El%E =
fR)=A2-1)=2= 2L =e1/\

> ARERBRES & [f/(2%)] <1 - BBICFRE

2= f(2),f'(z) =p, D5 2z BHELT
P\ p) =4)% — (2 —p) = 0. C? AR

INRIFDIFHR
{AeC|P(\e?) =0, 0<30 < 2n}.

IR DE E

RS: ~ O(12AF) &  D: [foR(0) — 2% | ~ O(|2X2]F).
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3 R1751 DA

0 0 0 01 2
M=10 1 0]+A|1 0 3
0 0 3 2 3 0

T F OEKH

A ="(21,22,23), F(A)="(Fi(z1), Fa(22), F3(23))

‘Fi(z1) = (1, =M1+ 327 — 27(2] + 227)), =3 A2 + 327 — 27 (2 + 221)))
tFy(z0) = ()\(1 + 2z§’ — z% (z% + 3z§’)), 1, —%)\(3 + 22‘% - zg(z% + 3z§’))) ,
'F3(z3) = (3A 2+ 25 — 23(223 + 323)), SA(3 + 23 — 23 (223 + 323)), 1) .
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F1IEERI L

Fi(1,22,2%) = (L, =A(1 + 323 — 2%(2% + 22%)), = IM(2 + 327 — 23(2% + 22%)))
= (1, £2(2%, 2% 0), £2(22, 2% ).
BES (22, 22) OAER
22 = f2(2%,23% ), 28 = f3(22, 2% 0).

RELRETEDDEM:
7. (082022 of* [0z
= \or2/0:2 0r3/02°

D (22,23) TOEEE |4 < 1.
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F# 9 3 ideal

ZIERIE C[22, 23, \, ] D ideal
I =(2? = f2(2%, 2% N), 2% — f2(2%, 2% 0), det(T — pl)) .

T 22,2° DIHE  (Grobner £IE)
(C[)"/d nJy = <P1()‘7/~L)>,

Py(\, ) = 6379207 — 28352A% 1 — 68040\ — 295565 1% + 89352\° 1
— 13239\° + 960A* 1> 4 14516 X% 1% — 391641 1 + 12116)7*
+ 561623t — 26658\ 1% 4 2998832 — 54603 1 — 2448)\3
+ 46872 1% — 372002 1t + 128200213 — 1764872 1% + 7584\ 1
— 12962 — 243Ap8 + 1404Mp° — 2619 p* + 13500 + 432\ 02
+ 10818 — 7921° + 1980u* — 18724° + 43242,
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marginal curve
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ZfETRERE L TOEHE

det (D +AA —€l) =0
=3 —4e? + (3 - 14N%)e + TA2 — 1203 = 0 (HKEEE%)

4
= e, (A) = F PN + i/ Bo (V) +w? / Pa(3) — i/ Be(h) + > 9)
P3(A) = é(324>\3 + 31522 4+ 20), Pg(A) = ﬁ(mssxﬁ — 7560A° 4+ 1813A% — 48023 4 44812 4 36).

e1(A) = —INZ+4x3 - PE) 5655 4.
e2(A) =1— 222 —6X% + L7044 2105 4.
e3(A) =34+ 3227 4203 — 854 13335 4 .

Kenmoe et al. Dynamical PT for Eigenvalue Problems April 2020 19/28



A REF DA

delta AR T > v ILICK 1B
nod:1 o,
( + —mwz” + gé(m)) Y(x) = Ey(x).

2mdz? 2

parity odd ZEIEREMIIIBHOZEEZITHEL.
g1 (N) = ey =204+ 141/2.
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RS PT OFRE
on(u) = don(w) + DAY (@) dom (u),

>1 m#n

1
n=2n+= Ae®
€ n+2+; Eys

- DD(m 4 L
AT = 62,(0)62(0) = i\/ et

m 1
e i — n # m.

YR 1E

R 2 2 (Kvaal et al. 2010) = R = 2.2 (authors).
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RIFERICESTRITBZ L

HREICEH > THVLRBIL R RERR

1 3

I(3-%)

Ge(u) = [F (3 -¢, %;uz) - 21"(1 — ) lulF (2 — &, %;uQ) e 2", e—1/2¢{0,2,4,6,... }. (11)
1772
FIRER: @ ¢/ (0T)=—¢.(07) #0. ec|IEHIART KL

~H6) — =5 + 200 = [ (e 1) gulua

= —3[0L(0%) = ¢L(07)] + Age(0) = 0 = £0(0%) = Aoc(0).

BE
iy 1
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RS vs D PT ARSI F

1AW — AF=D ] /A=Y

N

S
N
[e)]
T
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RS vs D PT for Random Matrices

M = diag(1,2,...,N) +AA, N = 100.

300 - b — D-PT

RS-PT

250

200f %
ol —
100

L

0. 005 01 015 02 025 03 035 04

success rate

Kgrs — Kp
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Mathematica vs D PT

algorithmic complexities

FHIDRAIL ~ O(N?) < THOFE ~ O(N>275)  subcubic

U &

BE: M=D+)\, D= (-d*/du®+u?)/2, X=0.01, A: sparse symmetric.
D PT much faster than LAPACK routines (Eigensystem)

sparse symmetric, machine precision sparse symmetric, fixed precision p = 100

109
s —— LAPACK (DSYEVR) 10*F —— LAPACK (DSYEVR)
10 1
—=— D-PT 5000 —=— D-PT
= Y
= 10 RS-PT /_/\ ] RS-PT
=
1000
g 1000 ’—M\/. so0f ©
S 00 \ ]
z
100
10
© 50
4

50 100 500 1000 5000 104 50 100 500 1000

dimension N dimension N
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Discussion

D O RS ICXf9 BBAIf%E

e % iteration @ lower complexity (matrix mult. 1 [B])
o UNERAHELY
o YURTAIHAILLY

v

o N BKkEFLnEE
M:D+AA;»M:D+3A+MA.
Q Q
o mE L
M=D+AA=D'+AA" suchthat [O]-|A]> 0] |2 = IXEEGHA

o IUR¥E R=0DIFE
H.O.4-gx* ?

Q>1
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