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TOSFT A & B models

A Model = Chern-Simons gauge theory (deformed)

S[ϕ] =
∫

L
TrF

(
1

2
ϕ∧dϕ+ 1

3
ϕ∧ϕ∧ϕ

)
+disk instantons, (1)

where
L3 ⊂ X6: Lagrange submanifold F → L: flat vector bundle
ϕ ∈Ω1(F∗⊗F): gauge field
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TOSFT A & B models

B Model = Holomorphic Chern-Simons

S[ϕ] =
∫

X
Ω∧TrE

(
1

2
ϕ∧∂ϕ+ 1

3
ϕ∧ϕ∧ϕ

)
, (2)

where
Ω: hol. 3-form E → X : hol. vector bundle
ϕ ∈Ω(0,1)(E∗⊗E)
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TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H

= Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra

Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.

H =⊕
p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number,

ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative

Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

Abstract Model

S[ϕ] = 1

2
〈ϕ,Qϕ〉+ 1

3
〈ϕ,ϕ•ϕ〉, (3)

product • : H ⊗H →H

H = Differential Graded Associative Algebra
Q : H →H , Q2 = 0 differential = BRST op.
H =⊕

p∈ZH p graded = ghost number, ϕ ∈H 1

(u•v)•w = u• (v •w) associative
Q(u•v) = (Qu)•v+ (−1)|u|u• (Qv) derivation

6 / 29



TOSFT abstract model

From A to L

(super) commutator on H

[u,v] = u•v− (−1)|u|·|v|v •u. (4)

(H , [ , ],Q) differential graded Lie algebra

easily verified
[u,v] =−(−1)|u|·|v|[v,u]
[u, [v,w]] = [[u,v],w]+ (−1)|u|·|v|[v, [u,w]] Jacobi identity
Q[u,v] = [Qu,v]+ (−1)|u|[u,Qv] derivation
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TOSFT abstract model

bilinear form 〈 , 〉 : H ×H →C

〈u,v〉 = 〈v,u〉 symmetric
〈u,v〉 = 0 for ∀v ⇒ u = 0 non degenerate
〈u,v〉 ̸= 0 ⇒|u|+ |v| = 3 selection rule

Witten’s trace map

∫
: H →C such that 〈u,v〉 =

∫
u•v (5)
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TOSFT abstract model

Maurer-Cartan equation

δS

δϕ
= 0

⇒ Qϕ+ 1

2
[ϕ,ϕ] = 0. (6)

cf. Kodaira-Spencer equation (closed B string)

∂φ+ 1

2
[φ•φ] = 0. (7)
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TOSFT abstract model

Gauge symmetry G

δϕ=ϕ−Qξ− [ϕ,ξ], ξ ∈H 0. (8)

Moduli space

M =
{
ϕ ∈H 1

∣∣∣∣Qϕ+ 1

2
[ϕ,ϕ] = 0

}/
G (9)
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Tree Level Potential propagator

choose an Hermite metric on H

h(u,v) = h(v,u). (10)

Hermite conjugate

h(Qu,v) = h(u,Q†v). (11)

anti-linear map
c : H →H

such that h(u,v) = 〈u,c(v)〉.
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Tree Level Potential propagator

Hodge structure

H =H⊕ ImQ⊕ ImQ†. (12)

Harmonic states H: zero modes of Laplacian ∆= [Q,Q†].

Q† ∼ b0 ∆∼ L0

1st quantization

H: physical
ImQ: spurious
ImQ†: unphysical
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Tree Level Potential propagator

orthogonal complement to H

H⊥ = ImQ⊕ ImQ†.

∆ : H⊥ ≃−→ H⊥ isomorphic

Green operator

G =∆−1 : H⊥ ≃−→H⊥ (13)

Orthogonal projector π : H →H

π= 1− [Q,GQ†]. (14)
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Tree Level Potential propagator

dynamical degrees of freedom?

Skin[ϕ] = 1
2 〈ϕ,Qϕ〉

ϕ ∈ KerQ =H⊕ ImQ ⇒ Skin[ϕ] = 0

Dynamical degrees of freedom = ImQ†

Propagator P = Q−1

Q : ImQ† ≃−→ ImQ isom.

P = Q†G : ImQ
≃−→ ImQ†. (15)

P ∼ b0/L0
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Tree Level Potential potential

Potential

W [φ] = ∑
n≥3

1

n
(−1)n(n−1)/2〈〈φ,φ, . . . ,φ〉〉(n)

tree, φ ∈H1. (16)

String product

rn : H⊗n =
n times︷ ︸︸ ︷

H⊗·· ·⊗H→H (17)

such that 〈〈u1,u2, . . . ,un〉〉(n)
tree = 〈u1,rn−1(u2, . . . ,un)〉.
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Tree Level Potential potential

Step 1 λn : H ⊗n →H

λ2(u1,u2) = u1 •u2, (18)
λn(u1, . . . ,un) =−(−1)n|u1|u1 •Pλn−1(u2, . . . ,un)

−
n−2∑
k=2

(−1)sPλk(u1, . . . ,uk)•Pλn−k(uk+1, . . . ,un)

+ (−1)n−1Pλn−1(u1, . . . ,un−1)•un. (19)

s = k+ (n−k−1)(|u1 |+ · · ·+ |uk |)

Example
λ3(u1,u2,u3) = P(u1 •u2)•u3 − (−1)|u1|u1 •P(u2 •u3).
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Tree Level Potential potential

Step 2 rn : H⊗n →H

rn : H⊗n j⊗n

,−→H ⊗n λn−→H
π−→H. (20)

W [φ] = ∑
n≥2

1

n+1
(−1)n(n+1)/2〈φ,rn(ϕ⊗n)〉. (21)

cyclicity (under the assumption c2 = 1)

〈u1,rn(u2, . . . ,un,un+1)〉 = (−1)n(|u2|+1)〈u2,rn(u3, . . . ,un+1,u1)〉. (22)
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Tree Level Potential potential

F-flatness equation

δW

δφ
= 0

⇒ ∑
n≥2

(−1)n(n+1)/2 rn(φ⊗n) = 0, φ ∈H1. (23)

Gauge symmetry GW

δφ= [η,φ], η ∈H0. (24)

only for A & B models

Moduli space MW

MW =
{
φ ∈H1

∣∣∣∣∑
n≥2

(−1)n(n+1)/2rn(φ⊗n) = 0

}/
GW (25)
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Equivalence
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Equivalence A∞ algebra

We want to show
M

locally≈ MW . (26)

A∞ algebra structure on (H, {rn}n≥2)

∑
k+l=n+1

k−1∑
j=0

(−1)srk(u1, . . . ,uj,rl(uj+1, . . . ,uj+l),uj+l+1, . . . ,un) = 0. (27)

s = l(|u1 |+ · · ·+ |uj |)+ j(l−1)+ (k−1)l
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Equivalence A∞ algebra

A∞ algebra as generalization of DGAA

(r1)2(u1) = 0,

r1(r2(u1,u2)) = r2(r1(u1),u2)+ (−1)|u1|r2(u1,r1(u2)),

r2(u1,r2(u2,u3))− r2(r2(u1,u2),u3) = r1(r3(u1,u2,u3))

+ r3(r1(u1),u2,u3)+ (−1)|u1|r3(u1,r1(u2),u3)+ (−1)|u1|+|u2|r3(u1,u2,r1(u3)),

...

DGAA is A∞ algebra
H with r1 = Q, r2 = •, rn≥3 = 0
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Equivalence A∞ algebra

bar construction

T(A) := ⊕
n≥1

A⊗n,

A :=H[1]. (28)

coproduct ∆ : T(A) → T(A)⊗T(A) by

∆(v1 ⊗·· ·⊗vn) =
n−1∑
j=1

(v1 ⊗·· ·⊗vj)⊗(vj+1 ⊗·· ·⊗vn). (29)

coassociativity (∆⊗1)◦∆= (1⊗∆)◦∆ : T(A) → T(A)⊗T(A)⊗T(A).

coderivation δ : T(A) → T(A)

T(A)
δ−−−−→ T(A)

∆

y y∆

T(A)⊗T(A) −−−−−−→
1⊗δ+δ⊗1

T(A)⊗T(A)

(30)
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Equivalence A∞ algebra

Define

s = id : H→ A,
pr : T(A)↠A,
jn : A⊗n,→T(A),
rn : H⊗n s⊗n

−→ A⊗n,→T(A)
δ−→ T(A)↠A

s−1

−→H,

then

A∞ relations in {rn} ⇐⇒ δ2 = 0.
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Equivalence A∞ algebra

Morphism of A∞ algebras (H, {rn}) → (H ,Q,•)

F1 = j : H ,→H , (31)
Fn = P ◦λn : H⊗n →H , n ≥ 2. (32)

cf. rn =π◦λn

H
F1=j−−−−→ H

r1=0

y yQ

H −−−−→
F1=j

H

(33)

{Fn} : H→H is quasi-isomorphism
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Equivalence from A∞ to L∞

Anti-symmetrization of rn

mn(u1, . . . ,un) = ∑
σ∈Sn

sgn(σ)ϵ(σ; u⃗)rn(uσ(1), . . . ,uσ(n)), (34)

uσ(1) · · ·uσ(n) = ϵ(σ; u⃗)u1 · · ·un Koszul sign

⇒ mn :
∧nH→H

(H, {mn}) is L∞ algebra

∑
k+l=n+1
σ∈Sh(k,n)

(−1)k(l−1) sgn(σ)ϵ(σ; u⃗)ml(mk(uσ(1), . . . ,uσ(k)),uσ(k+1), . . . ,uσ(n)) = 0.

(35)
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Equivalence from A∞ to L∞

Gn(u1, . . . ,un) = ∑
σ∈Sn

sgn(σ)ϵ(σ; u⃗)Fn(uσ(1), . . . ,uσ(n)) (36)

{Gn} : (H, {mn}) → (H ,Q, [ , ]) QIS of L∞ algebras

Morphism of L∞ ⇒ natural transform. of deformation functors

φ ∈H 7→ ϕ= ∑
n≥1

1

n!
Gn(φ⊗n) ∈H (37)

QIS ⇒ equivalence of deformation functors

MW
∼−→M . (38)
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Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒

u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ),

h(u,v) =
∫

X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂,

Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

B model data

H =
3⊕

p=0
Ω0,p(E∗⊗E), (39)

u =ω⊗α, v = η⊗β ⇒ u•v = (ω∧η)⊗ (αβ), (40)

〈u,v〉 =
∫

X
Ω∧ (ω∧η)Tr(αβ), h(u,v) =

∫
X
ω∧∗η Tr(αβ†), (41)

Q = ∂, Q† =−∗E ◦∂◦∗E , (42)

where ∗E(ω⊗α) =∗ω⊗α† =Ω∧ c(ω⊗α), (43)

and (β†)a
b = (hE)ac̄ (hE)bd̄ (βd

c ). (44)

28 / 29



Equivalence B model revisited

generalizing Massey product

Hp ∼= Extp
X (E,E). (45)

rn : Ext1
X (E,E)⊗n → Ext2

X (E,E). (46)

Potential

W [φ] = ∑
n≥2

(−1)n(n+1)/2

n+1

∫
X
Ω∧Tr

(
φ• rn(φ⊗n)

)
. (47)
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