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SYK model

A statistical system with Hamiltonian

H =
1

4!

∑
i,j,k,l

Jijklψiψjψkψl

⟨O⟩ =
∫ ∏

[dJijklP (Jijkl)] Tr
(
e−βHO

)
▶ ψi (i = 1, · · ·N) are Grassmann odd real variables satisfying

{ψi, ψj} = δi,j

▶ Jijkl has the distribution P (Jijkl) ∝ exp

(
−N3J2

ijkl

12J2

)
This model describes a quantum gravity in the limit N → ∞.
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SYK model

1. How did Kitaev come up with this kind of model?

2. How can one calculate things in this model?
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Chaos in classical systems

q (0) = q0 → q (t)

q′ (0) = q0 + δq → q′ (t)

δq(t) ∼ δq exp (λLt)

λL (≥ 0) : Lyapunov exponent

▶ δq(t) grows until it becomes O(1)

▶ This behavior can be rewritten as dq(t)
dq(0) ∝ exp (λLt)
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Chaos in quantum systems

[q(t), p(0)] = iℏ
dq (t)

dq (0)
∝ exp (λLt)

▶ The chaotic behavior will be found in the correlation function

−
⟨
([q(t), p(0)])2

⟩
▶ Here we discuss �nite temperature systems

−
⟨
([q(t), p(0)])2

⟩
=

−Tre−βH ([q(t), p(0)])2

Tre−βH
∼ ℏ2 exp (2λLt)

for 1
λL

≪ t≪ t∗
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Out of time order correlation functions

−
1

Z
Tre−βH ([q(t), p(0)])2

=
1

Z
Tr
[
q(t)e−βHq(t)p(0)p(0) + q(t)q(t)p(0)e−βHp(0)

]
−

1

Z
Tr
[
e−βHq(t)p(0)q(t)p(0) + e−βHp(0)q(t)p(0)q(t)

]

▶ The chaotic behavior seems to come from the second term.

▶ In general, we expect that out of time order correlation

functions behave as

1

Z
Tr
[
e−βHV (0)W (t)V (0)W (t)

]
∼ f0 − f1e

2λLt

for 1
λL

≪ t≪ t∗
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A bound on chaos

▶ AdS/CFT: Some strongly coupled statistical systems can be

described by gravity theory with a black hole.

▶ Systems corresponding to black holes have (Shenker-Stanford)

Tr [yV (0)yW (t)yV (0)yW (t)] ∼ f0 − f1e
2π
β

t

with y =
(
1
Z
e−βH

) 1
4 .

▶ For β ≪ t, this implies

1

Z
Tr
[
e−βHV (0)W (t)V (0)W (t)

]
∼ f0 − f1e

2λLt

with λL = π
β
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A bound on chaos

▶ One can show that for any systems (satisfying plausible

conditions)

1

Z
Tr [yV (0)yW (t)yV (0)yW (t)] ∼ f0 − f1e

2λLt

with λL ≤ π
β = πkBT

ℏ . Therefore B.H. are maximally chaotic.

(Maldacena-Shenker-Stanford)
▶ Generalizing Sachdev-Ye model

H =
∑
i>j

Jij Ŝi · Ŝj

Kitaev tried to construct a maximally chaotic but tractable

model.
8 / 12



SYK model

One can solve the model for N, βJ ≫ 1

H =
1

4!

∑
i,j,k,l

Jijklψiψjψkψl

⟨O⟩ =

∫ ∏[
dJijklP

(
Jijkl

)]
Tr
(
e−βHO

)
=

∫ ∏[
dJijklP

(
Jijkl

)] ∫
[dψi] exp

[
−
1

2

∫ β

0
dτψi∂τψi −

∫
dτH

]
O

=

∫
[dψi] exp

−1

2

∫
dτψi∂τψi −

NJ2

8

∫
dτdτ ′

(
1

N

∑
i

ψi (τ)ψi

(
τ ′
))4

O
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SYK model

∫
[dψ] exp

−1

2

∫
dτψi∂τψi −

NJ2

8

∫
dτdτ ′

(
1

N

∑
i

ψi (τ)ψi

(
τ ′
))4


=

∫
[dψdΣdG] exp

[
−
1

2

∫
dτψi∂τψi −

NJ2

8

∫
dτdτ ′

(
G
(
τ, τ ′

))4
−
N

2

∫
dτdτ ′Σ

(
τ, τ ′

){
G
(
τ, τ ′

)
−

1

N

∑
i

ψi (τ)ψi

(
τ ′
)}]

=

∫
[dΣdG] exp

[
N

2
Tr ln (∂τ − Σ)

−
N

2

∫
dτdτ ′

{
Σ
(
τ, τ ′

)
G
(
τ, τ ′

)
−
J2

4

(
G
(
τ, τ ′

))4}]
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SYK model

∫
[dΣdG] exp

[
N

2
Tr ln (∂τ − Σ)−

N

2

∫
dτdτ ′

{
Σ
(
τ, τ ′

)
G
(
τ, τ ′

)
−
J2

4

(
G
(
τ, τ ′

))4}]

▶ For N ≫ 1, this integral can be evaluated by the saddle point

method.

▶ The saddle point eq.(
1

∂τ − Σ

)
τ,τ ′

+G
(
τ, τ ′

)
= 0

Σ
(
τ, τ ′

)
− J2

(
G
(
τ, τ ′

))3
= 0

can be solved exactly in the strong coupling limit βJ ≫ 1.
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SYK model

▶ The four point function can be evaluated (next to leading

order in 1
N ) and we �nd

1

Z
Tr [yψi(t)yψj(0)yψi(t)yψj(t)] ∼ f0 − f1e

2π
β
t

▶ From the four point function, one can derive the e�ective

action of some modes, which coincides with that from the two

dimensional gravity

I = − 1

16πG

[∫
d2xϕ

√
g (R+ 2) + 2

∫
bdy

ϕbK

]
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