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1. Introduction
Journal club 2014/11/21  石塚成人

これまで、qq, qqq state 以外の、exotic state は見つかっていなかった。
しかし、charm 系で 2007年頃から、相次いで変なのが見つかった。
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2. Lattice 計算 3) , 4) の結果 

計算方法 :

states with same quantum number : 

計算パラメータ :

m⇡ = 266MeV a = 0.1239 fm

L = 1.98 fm #. conf = 280

Nf=2

多数の散乱状態の中から、説明のつかない状態を探す
under 4300 MeV at m⇡ = 266MeV
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energy levels. The main question is whether there are
any extra energy levels in addition to the expected two-
meson states. An additional energy level near E ≃ mZc

would be a definite signature for a Z+
c with an approxi-

mate mass mZc .
This paper is organized as follows. Section II discusses

expected two-meson states below 4.3 GeV. Section III de-
tails how energy levels and overlaps are extracted, while
section IV is dedicated to the results. In section V we
summarize cautionary remarks and lessons which may be
useful for future lattice simulations, and we conclude in
Section VI.

II. TWO-MESON STATES IN LATTICE QCD

In lattice QCD the states are identified from discrete
energy-levels En and in principle all physical eigenstates
with given quantum numbers appear. The eigenstate of
interest, Z+

c , gives an energy level at En ≃ mZc if it ex-
ists. However, various two-meson states M1(p)M2(−p)
have the same quantum numbers and give also rise to
physical eigenstates, which presents a major challenge.
Individual momenta are discretized due to the periodic
boundary conditions in space. If the two mesons do not
interact, then p = 2π

L k with k ∈ N3, and the energies of
M1(k)M2(−k) states for a→ 0 are

En.i. = E1(k)+E2(k) , E1,2(k) =
√

m2
1,2 + k(2πL )2 . (1)

with k ≡ k2. These values are slightly shifted in presence
of the interaction. In experiment, these states correspond
to the two-meson decay products with a continuous en-
ergy spectrum.
Our simulation employs dynamical u and d quarks that

correspond to the pion mass mπ ≃ 266 MeV [18, 19].
The lattice spacing is a = 0.1239(13) fm. The rather
small box V = 163 × 32 with L ≃ 2 fm may lead to
sizable finite volume corrections, but it is responsible for
a crucial practical advantage. It makes the Z+

c search
tractable since it reduces the number of M1(k)M2(−k)
states in the considered energy range, as discussed in
Section VC.
On our lattice (with mπ = 266 MeV) the two-particle

states with IG(JP ) = 1+(1+) and total momentum zero
in the energy region of interest E ≤ 4.3 GeV are1

J/ψ(0)π(0), ηc(0)ρ(0), J/ψ(1)π(−1), D(0)D̄∗(0),

ψ2S(0)π(0), D∗(0)D̄∗(0),ψ1D(0)π(0), ηc(1)ρ(−1),

D(1)D̄∗(−1), ψ3(0)π(0), J/ψ(2)π(−2), D∗(1)D̄∗(−1)

D(2)D̄∗(−2) (2)

in order of increasing energy. Their lattice energies En.i.

in the non-interacting limit are denoted by the horizontal

1 We take Elat
n −mlat

s.a. +m
exp
s.a. < 4.3 GeV as argued below.

lines in Fig. 1b and the values follow from the masses
and single-meson energies determined on the same set
of gauge configurations [18, 20]. Establishing two-meson
states up to 4.3 GeV at mπ = 266 MeV should suffice
for searching fairly narrow exotic candidates with mass
below 4.07 GeV for physical pion mass.
The ψ1D in (2) denotes ψ(3770). The appearance of

ψ3π, where ψ3 denotes the charmonium with JPC=3−−,
is an artifact due to reduced symmetry on the cubic lat-
tice as discussed in Appendix A. The hc(0)π(0) is not
present for JP = 1+ since non-vanishing relative mo-
mentum p is required by the orbital momentum l = 1.
The hc(1)π(−1) lies near 4.25 GeV, but is not listed in
(2) since this is the only two-meson state below 4.3 GeV
that we do not aim to extract due to the arguments given
in Appendix A. The energy of ρ(−1) is extracted from
the diagonal correlator of d̄γju within the narrow-width
approximation, where effects related to ρ→ ππ are omit-
ted.
Our aim is to extract and identify all two-particle

energy-levels (2) from the full, coupled correlator matrix
of hadron operators and establish whether QCD predicts
additional states related to the exotic Z+

c hadron.
This goal presents a considerable challenge by itself.

Note that a rigorous treatment (via a Lüscher-type finite
volume formalism [21–25]) would require the determina-
tion of the scattering matrix for all two-particle chan-
nels that couple, and a subsequent determination of the
mass and the width for any Z+

c resonance(s). The elas-
tic scattering within a single channel has been rigorously
treated by a number of lattice simulations recently. The
first lattice simulation aimed at determining scattering
matrix for two-coupled channels [26] also shows promise
in this respect, while the rigorous treatment of seven cou-
pled channels is still beyond the capabilities of any lattice
simulation at present. Therefore we take a simplified ap-
proach where the existence of Z+

c is investigated by an-
alyzing the number of energy levels, their positions and
overlaps with the considered lattice operators ⟨Ω|Oj |n⟩.
The rigorous formalism does predict the appearance of
a level in addition to the (shifted) two-particle levels if
there is a relatively narrow resonance. This has been
seen in simulations for elastic scattering (see for exam-
ple [18, 20]) and in analytic studies for simple coupled-
channel cases.

III. TOWARDS THE LATTICE ENERGY
SPECTRUM

The energiesEn and the overlaps Zn
j ≡ ⟨Ω|Oj |n⟩ of the

physical eigenstates n are extracted from the correlator
matrix

Cjk(t) = ⟨Ω|Oj(tsrc+t)O†
k(tsrc)|Ω⟩ =

∑

n

Zn
j Z

n∗
k e−Ent .

(3)
The physical system for given quantum numbers is cre-
ated from the vacuum |Ω⟩ using creation operators O†

k

上の状態以外に状態がみつかったら、それは Zc だろう。
( Zc の decay width は小さいので、ほぼ安定粒子として振る舞う )

:  13個
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上の9個の状態を emit する
18個の演算子を考える :
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FIG. 1. The spectrum for quantum numbers IG(JPC) = 1+(1+−). (a) Position of the experimental Z+
c candidates [13]. (b,c)

The discrete energy spectrum from our lattice simulation: (b) shows energies based on complete 22×22 matrix of interpolators,
(c) is based on the 18× 18 correlator matrix without diquark-antidiquark interpolating fields O4q

1−4 (A1). The thirteen lowest
lattice energy levels (black circles) are interpreted as two-particle states, which are inevitably present in a dynamical lattice
QCD simulation. No additional candidate for the exotic Z+

c is found below 4.2 GeV. The experimental widths of the resonances
is indicated by the dashed vertical lines.

The energy level n = 14 at E ≃ 4.39 GeV in Fig. 1b
(shown in green) seems like a sought state that appears in
addition to thirteen expected two-meson states (2). This
eigenstate also has largest overlap with the tetraquark
interpolating fields O4q in Figs. 2 and 5. It might seem
tempting to relate this level to a possible Z+

c candidate.
However, the level n = 14 lies close to the expected two-
meson states above 4.3 GeV that we have omitted in the
list (2) since our aim was to search for candidates below
4.2 GeV. Although the eigenstate n = 14 might have an
interesting structure, we cannot attribute this level to
Z+
c candidate as we cannot rule out that it corresponds

to one of omitted two-meson states above 4.3 GeV.

The main conclusion of our simulation is that we do
not find any additional state below 4.2 GeV that could be
related to an exotic candidate. We only find the expected
two-meson states (2).

It is indeed surprising that with a basis (A1), which
contains a great variety of interpolating fields with the
quantum numbers of interest (IG(JPC) = 1+(1+−)), one
does not, for example, induce Zc(3900)/Z+

c (3885) that
has been confirmed by several experiments [4–7]. Note
that our list of creation/annihilation operators (A1) con-
tains also a number of field structures J/Ψπ and DD̄∗

which correspond to channels where these resonances

have been found in experiments
We list several possible reasons for the absence of an

energy levels related to the exotic Z+
c candidate in our

simulation:

• The resonance Z+
c (3900) was found in J/ψ π in-

variant mass only through e+e− → Y (4460) →
(J/ψ π+)π− [4–6]. No resonant structure in J/ψ π+

invariant mass was seen in B̄0 → (J/ψ π+)K− by
BELLE [10], in B̄0 → (J/ψπ+)π− by LHCb [35] or
in γp→ (J/ψ π+)n by COMPASS [36]. This might
indicate that the peak seen in e+e− → Y (4460)→
(J/ψ π+)π− might not be of dynamical origin.

• Along similar lines, several theoretical approaches
render peaks in J/ψπ invariant mass for e+e− →
Y (4460)→ π−(J/ψπ+) without invoking an exotic
state. This is for example reproduced as a coupled-
channel (sometimes called cusp) effect in [37, 38].

• The JP of Zc(3900), Zc(4020) and Zc(4025) is cur-
rently unknown from experiment. This might be
the reason for their absence in a simulation of 1+

channel. We view this possibility as unlikely, since
most previous studies favour 1+ for these states.

• Even if the Z+
c resonant structure seen in experi-
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Figure 3: The spectrum in the channel IG(JPC) = 1+(1+−). a,b same as in Fig. 1,
where the lattice spectrum is based on the full 18×18 correlation matrix; c shows the lattice
spectrum based on the 14×14 correlation matrix without diquark-antidiquark interpolating
fields O4q

1−4; spectra d-g are based on truncated correlation matrices as described in the
figure; spectrum h is based on O4q

1−4 only. The horizontal lines represent energies of the
non-interacting two-particle states (2). Statistical errors on the lattice spectrum are shown.

Conclusions

Our ab-initio QCD calculation provides evidence for the existence of an exotic Z+
c . We find

a candidate for a state with a flavor content c̄cd̄u and quantum numbers IG(JPC) = 1+(1+−)
at a mass m = 4.16± 0.03± 0.16±O(ΓZc) GeV. It could be related to Z+

c (4020)/Z
+
c (4025)

recently discovered by BESIII or to Z+
c (4200) found by Belle. Our result further confirms

that the simple classification of hadrons into q̄q mesons and qqq baryons has to be revisited.
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計算結果 :

10個目の状態が有る　=> 

mZc = 4160± 30± 160MeV

Zc の仲間の一つの発見
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FIG. 1. The spectrum for quantum numbers IG(JPC) = 1+(1+−). (a) Position of the experimental Z+
c candidates [13]. (b,c)

The discrete energy spectrum from our lattice simulation: (b) shows energies based on complete 22×22 matrix of interpolators,
(c) is based on the 18× 18 correlator matrix without diquark-antidiquark interpolating fields O4q

1−4 (A1). The thirteen lowest
lattice energy levels (black circles) are interpreted as two-particle states, which are inevitably present in a dynamical lattice
QCD simulation. No additional candidate for the exotic Z+

c is found below 4.2 GeV. The experimental widths of the resonances
is indicated by the dashed vertical lines.

The energy level n = 14 at E ≃ 4.39 GeV in Fig. 1b
(shown in green) seems like a sought state that appears in
addition to thirteen expected two-meson states (2). This
eigenstate also has largest overlap with the tetraquark
interpolating fields O4q in Figs. 2 and 5. It might seem
tempting to relate this level to a possible Z+

c candidate.
However, the level n = 14 lies close to the expected two-
meson states above 4.3 GeV that we have omitted in the
list (2) since our aim was to search for candidates below
4.2 GeV. Although the eigenstate n = 14 might have an
interesting structure, we cannot attribute this level to
Z+
c candidate as we cannot rule out that it corresponds

to one of omitted two-meson states above 4.3 GeV.

The main conclusion of our simulation is that we do
not find any additional state below 4.2 GeV that could be
related to an exotic candidate. We only find the expected
two-meson states (2).

It is indeed surprising that with a basis (A1), which
contains a great variety of interpolating fields with the
quantum numbers of interest (IG(JPC) = 1+(1+−)), one
does not, for example, induce Zc(3900)/Z+

c (3885) that
has been confirmed by several experiments [4–7]. Note
that our list of creation/annihilation operators (A1) con-
tains also a number of field structures J/Ψπ and DD̄∗

which correspond to channels where these resonances

have been found in experiments
We list several possible reasons for the absence of an

energy levels related to the exotic Z+
c candidate in our

simulation:

• The resonance Z+
c (3900) was found in J/ψ π in-

variant mass only through e+e− → Y (4460) →
(J/ψ π+)π− [4–6]. No resonant structure in J/ψ π+

invariant mass was seen in B̄0 → (J/ψ π+)K− by
BELLE [10], in B̄0 → (J/ψπ+)π− by LHCb [35] or
in γp→ (J/ψ π+)n by COMPASS [36]. This might
indicate that the peak seen in e+e− → Y (4460)→
(J/ψ π+)π− might not be of dynamical origin.

• Along similar lines, several theoretical approaches
render peaks in J/ψπ invariant mass for e+e− →
Y (4460)→ π−(J/ψπ+) without invoking an exotic
state. This is for example reproduced as a coupled-
channel (sometimes called cusp) effect in [37, 38].

• The JP of Zc(3900), Zc(4020) and Zc(4025) is cur-
rently unknown from experiment. This might be
the reason for their absence in a simulation of 1+

channel. We view this possibility as unlikely, since
most previous studies favour 1+ for these states.

• Even if the Z+
c resonant structure seen in experi-

計算結果 :

4200 付近の変な状態が消えた。
4400 に状態があるのだが、これは考えていない 散乱状態だろう。
4Q と強く結合していることは、証拠にならない !!!
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3. まとめ
この種の計算では、
考えている状態以下の状態を全部とり入れる必要が有る。

部分のみを考えると、誤った結論を導く恐れが有る。

spectrum function の大きさを、過信してはならない  !!


