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B-physics on the lattice
• Precise SM predictions need good control of 
systematic errors on the lattice. 

• discretization error am~1 in heavy quark sector 

A. lattice HQET and lattice NRQCD 

B. Relativistic heavy quark action 
(Fermilab,Tsukuba,RHQ,Oktay-Kronfeld) 

C. light quark action
2

O(ma)



light quark action
• fine lattice ma < 1 - brute force 

• improvement to suppress systematic errors 

A. Clover improvement(Wilson) 

B. HISQ(High Improved Staggered Quark) 

• “Ratio method” with the improved action
[JHEP 1004(2010) 049]
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Ratio method
• interpolation available data(around charm quark 
region) and static limit of Heavy quark effective theory  

• Ratio for heavy-light observable - mild dependence of 
quark mass and cutoff effects. 

• Twisted mass Wilson fermion 

b-quark mass  

decay constant

[JHEP 1004(2010) 049]

static limit

light quark action
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leading order of HQET⇒

O(a)-improved action



Ratio method   
for the b-quark mass
• HQET prediction in static limit 

!

• Consider heavy quark mass set 

• lattice ratios 
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This factor is known up to NNNL order in continuum perturbation theory.[hep-ph/9912391]
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Ratio method  
for the b-quark mass

• quark mass sequence with fixed ratio 

!

• y ratio with λ 

!

• ansatz for y  
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Simulation details
• Tree-level Symanzik gauge action 

• Nf=2 dynamical configurations 

• Twisted mass fermion action at maximal twist 

• Renormalization constant are determined by RI-MOM scheme 

µ̂(1)
h = 1.230GeV, µ̂(2)

h = �µ̂(1)
h = 1.572GeV, µ̂(3)

h = �2µ̂(2)
h = 2.009GeV, µ̂(4)

h = �3µ̂(3)
h = 2.568GeV

λ=1.278
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cutoff scale 
1/a=1.7-2.6GeV

# measured correlator = 240



cutoff-scale and light 
quark mass dependence
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extrapolation  
with HMChPT

←light quark



y ratios from current data
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determination  
of B-quark mass

• A following chain equation beyond current 
data
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µ̂
(MS,Nf=2)
b = 4.63(27)GeV

sea s,c quark effect

µ̂
(MS,Nf=4)
b = 4.29(13)GeV

[N.Carrasco et al, arXiv:1311.2837]
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µ̂(MS,PDG2014)
b = 4.18(3) GeV



Discussion and  
error budget

• reliability of truncation of ρ(NL order) 

!

• Pseudo-scalar meson mass in charm region
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L order ~ 2% 
NNL order ~ 1% 

5%(scale setting,renormalization constant,…)
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decay constant : fB, fBs
• Precise determination of PS decay constant 
fB, fBs is significant for “New Physics” sensitive 
processes e.g. B->τν, Bs->μ+μ- .  

• ratio method for fB, fBs  

!

• A very similar strategy with determination of b 
quark mass
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ratio method  
for decay constant

• lattice ratio 

!

• fB : light -> u/d,    fBs : light-> s 

• asymptotic behavior z 

• ansatz
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Chiral and continuum 
extrapolation
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interpolation  
to b quark region
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determination  
of fB and fBs

• the iterative formula 

!

• final results 

!

• error budget 
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fB = fhu/d(µ̂b) = 194(16)MeV

fBs = fhs(µ̂b) = 235(12)MeV

L order ~ 1%, NNL order ~ 0.1% 

Ỷ  depends logx ~ 1, 2 % 
uncertainty of mb 



FLAG: fB,fBs

ratio method
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Summary
• Ratio method can deal with B-quark on 
current lattices. 

• The procedure seems complicated, but good 
control of systematic errors. 

• key factor - ratio, interpolation with static limit 

• Is this method promising for B-physics ?
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interpolation method
• So far results of static limit is used. 

• Lattice action of static limit is employed. 

• average for 

 ratio method 

 interpolation method

[ JHEP01(2012) 046]

lattice HQET

light quark action
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interpolation between  
lattice HQET and QCD data
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final results
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HeavyMesonChPT
• SU(2) Chiral effective theories for heavy-light 

• fixed heavy quark mass 

• For pseudo scalar meson mass 

!

• For decay constant of PS meson
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An improved ratio method  
for decay constant

• Old method depends the measurement of the 
b-quark mass. 

• propose a following asymptotic behavior. 

!

• lattice ratio
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