EZEDcomplex
L angevin

Taniguchi tor journal club

Parisi (1983)
Aarts, James, Seiler, Stamatescu(0912.0617, 1110.5749)
Seiler, Sexty, Stamatescu (1211.3709)
Sexty (1307.7748)

1457811 H&EH



Lattice 2014 NEWS

Exploring the phase diagram of QCD with complex Langevin simulations

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

1457811 H&EH



Lattice 2014 NEWS

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

Heavy dense QCD

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

Heavy dense QCD

k — 0, u — 00

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

Heavy dense QCD

k — 0, u — 00

ke M = const

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density

Heavy dense QCD

k — 0, u — 00

ke M = const

2
det D(u) = [ det (1 + C Px)*det (1+ C' P ")

1457811 H&EH



Lattice 2014 NEWS

Parallel session, Fr1 24/6 by Jaeger

Exploring the phase diagram of QCD with complex Langevin simulations

Fermion density - Dynamical fermions

1457811 H&EH



Lattice 2014 NEWS

New algorithms tfor finite density QCD

1457811 H&EH



Lattice 2014 NEWS

New algorithms tfor finite density QCD

0.7

n/ng, CLE | - x»"
e chiral cond. CLE - 5
n/ng, reweighting = f
05t 3 c.c. reweighting X
[83 '54‘{attice .{’_-"
04 r =9. ;
oa| Nt (¥T)

(Pip)

) 4 ,)(;;:)(m)(iu)( ORTrG
ol )(-Ji)(m)(x

1457811 H&EH



Lattice 2014 NEWS

New algorithms tfor finite density QCD

n/ng, CLE - .,a"
e chiral cond. CLE = 5
n/ng, reweighting - f
05} 3 c.c. reweighting X
[83 '541attice !,.F’
04 =9. ;
| RO (1Y)

14F78118B2EH



Lattice 2014 NEWS

Plenary talk, Fr1 27/6 by Denes Sexty

New algorithms tfor finite density QCD

0.7 , , f
N/Nga CLE +—t— ‘

2o chiral cong. CLE s

n/ng, reweighting = -
05 3 c.c. reweighting -~
g '541attice
Ol R YTy
'0.1 4 L 1 1
0 0.5 1 1.5 2 2.5 35

wT

0.37

0.36
0.35
0.34 +
033
0.32
031
03}
0.29 r
0.28

0.27

Polyakov loop CLE
inverse Polyakov CLE -
Polyakov reweighting =

inv. Polyakov reweighting «

8%*4 |attice
B=5.4
mass=0.05
Ne=4

1457811 H&EH



L angevin algcrlthm

(Montvay-Munster)




L angevin algcrlthm

___ (Montvay-Munster)
Path integral D317




L angevin algcrlthm

___ (Montvay-Munster)
Path integral D317

/que S[e]




L angevin algcrlthm

___ (Montvay-Munster)
Path integral D317

/ Dge 519 = / D¢Dre 2™ Sl




L angevin algcrlthm

___ (Montvay-Munster)
Path integral D317

/ Dae= 519l = / DoDre—z™ 519

H[ 7, (b]




L angevin algorlthm

___ (Montvay-Munster)
Path mtegrald)%ﬁ

- o~ 372 —5[9]
/nge /ngD eH[n "

Micro canonical ensemble

1457811 H&EH



L angevin algorlthm

___ (Montvay-Munster)
Path mtegrald)%ﬁ

7= [ Do = [ Dopreir=sie
H[7m, Q]
Micro canonical ensemble
ADESNEIRILF—CTHRNZEUZETET

1457811 H&EH



L angevin algorlthm

___ (Montvay-Munster)
Path mtegrald)%ﬁ

- o~ 372 —5[9]
/nge /ngD eH[n "

Micro canonical ensemble

AOENEIRILF—TENZEMNZETRET
OH . OH 85

=T =0 — =T

or O O

1457811 H&EH



L angevin algorlthm

___ (Montvay-Munster)
Path mtegrald)%ﬁ

- o~ 372 —5[9]
/nge /ngD eH[n "

Micro canonical ensemble

AOENEIRILF—TENZEMNZETRET
OH . OH 85

=T =0 — =T

o O O
BEE b

1457811 H&EH



L angevin algorlthm

___ (Montvay-Munster)
Path mtegrald)%ﬁ

7= [ Do = [ Dopreir=sie
H[7m, Q]
Micro canonical ensemble
ADESNEIRILF—CTHRNZEUZETET

OH . OH 95
or 0 op o
BRI
1 2 95|9]

P(Tnt1) = (7o) + (Tnr1 — Tn) T(Tn) — 5 (Tnt1 — Tn) 9o

1457811 H&EH



L angevin algorithm




L angevin algorithm

Canonical ensemble




L angevin algorithm

Canonical ensemble
TRILF—DHEADZEHFT




L angevin algorithm

Canonical ensemble

TXRILF—DL

G A D ZEF

&

7 % Gaussian ¢4




Langevin algorithm

Canonical ensemble
ITRILF—DOHBEADZEHFT n%Gauss,lanTTR%

(Tnt1) = ¢(Tn) + (Tn1 — 7o) 7(T0) — 9 (Tn—l—l — Tn)Q 8g¢¢]




Langevin algorithm

Canonical ensemble
ITRILF—DOHBEADZEHFT n%Gauss,lanTTR%

A(Tnt1) = ¢(Tn) + (Tn1 — Tn) 7(Th) — 9 (Tn—l—l — Tn)Q 8g¢¢]




L angevin algorithm

Canonical ensemble

TRILF—DEADZFFT n%Gauss,langgRé
A(Tnt1) = O(Tn) + (Tnt1 = Tn) T(7Tn) — 9 (Tng1 — Tn)2 6’f]

05|9)

¢ =¢—¢ 9 ven Langevin eguation

1457811 H&EH



L angevin algorithm

Canonical ensemble

TRILF—DEADZFFT n%Gauss,langgRé
A(Tnt1) = ¢(Tn) + (Tn1 — Tn) 7(Th) — 9 (Th+1 — Tn)Q 6’f]

05|9)

¢ =¢—¢ 9 ven Langevin eguation

¢ DLIRMES I P[@]

1457811 H&EH



L angevin algorithm

Canonical ensemble

TRILF—DEADZFFT n%Gauss,langgRé
A(Tnt1) = ¢(Tn) + (Tn1 — Tn) 7(Th) — 9 (Th+1 — Tn)Q 6’f]

05|9)

¢ =¢—¢ 9 ven Langevin eguation

¢ DHIRMESR P[] Fokker-Planck eq.

1457811 H&EH



L angevin algorithm

Canonical ensemble

TRILF—DEADZFFT n%Gauss,langgRé
A(Tnt1) = O(Tn) + (Tnt1 = Tn) T(7Tn) — 9 (Tng1 — Tn)2 6’f]

9519

ven Langevin equation

¢ DHIRMESR P[] Fokker-Planck eq.

P'l¢/] = </D¢P[¢]5 (qs’ o+l \f?7>>n




L angevin algorithm

Canonical ensemble
TRILF—DHEADZEHFT n%Gaus&anTTR%

0S5
H(Tnt1) = ¢(Tn) + (Tnt1 = 7o) T(70) — 2 (Tn+1 — Tn)2 6’f]
0S5
¢ =¢ (‘9? Ven Langevin equation

¢ DHIRMESR P[] Fokker-Planck eq.
P1o) = ( [ DoPlals (& — o+ 25+ ven) )

0
OPl¢] 0 (0Pl¢]  95[¢




L angevin algorithm

Fokker-Planck equation

OPl) _ 0 (9Plg)  0SIo] by N _ x
= (T i) = 17 Pl




L angevin algorithm

Fokker-Planck equation

OPl) _ 0 (9Plg)  0SIo] by N _ x
= (T i) = 17 Pl

—RRER Plg)(r) x eF 7




L angevin algorithm

Fokker-Planck equation
oPlg] 0 (apm , asmpm) _ TP

or 0@ 0P 0@
— &R Plo)(r) el T
T Pl] o e 7




L angevin algorithm

Fokker-Planck equation

OPl) _ 0 (9Plg)  0SIo] by N _ x
= (T i) = 17 Pl

—RRER Plo)(r) < eF' 7

TE TR Plo] x e o9

It L Is negative semi-definite.

1457811 H&EH



L angevin algorithm

Fokker-Planck equation

OPl) _ 0 (9Plg)  0SIo] by N _ x
= (T i) = 17 Pl

—RRER Plo)(r) < eF' 7

TE TR Plo] x e o9

It L Is negative semi-definite.
Plo|(T — o0) — e o9

1457811 H&EH



Complex Langevin

Complex action Sc

Parisi)




Complex Langevin

Complex action Sc
0Sc|¢]

0

Parisi)

Ven

Langevin equation ¢ =¢ —¢

1457811 H&EH



Complex Langevin

Complex action Sc
0Sc|¢]

0

Parisi)

Ven

Langevin equation ¢ =¢ —«¢

ERBUCR D

1457811 H&EH



Complex Langevin

Complex action Sc
0Sc|¢]

0

Parisi)

Ven

Langevin equation ¢ =¢ —«¢

BRI D
GDELERILIT D ¢ dc=2+1y

1457811 H&EH



Complex Langevin

(Parisi)
Complex action SC@S
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Fokker-Planck equation
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Fokker-Planck equation
9 Plxyor) = LT P(syor) «— HHIRHESE (S250)

L' = V[V, — K| + V,[MV, — K]

ZIRLHEEHIE

1457811 H&EH



Complex Langevin

Fokker-Planck equation
% plxyie) = LTPGeyit) «— BT ()

L' = V[V, — K| + V,[MV, — K]

ZIRLHEEHIE

% p(it) =LEp(x;t) L = V[V, + ViS(x)]

1457811 H&EH



Complex Langevin

Fokker-Planck equation
% plxyie) = LTPGeyit) «— BT ()

L' = V[V, — K| + V,[MV, — K]

ZIRLHEEHIE

% p(it) =LEp(x;t) L = V[V, + ViS(x)]

2E (ERZ

1457811 H&EH



Complex Langevin
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Complex Langevin

Fokker-Planck equation
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C Aarts. J |
Criteria (O)pw) = (O) 1! ( arts, James

VIEEESE

= P(x,y;0)

(t) Seiler, Stamatescu)

=p(x0)0(y)

t-dependent operator

i0(z;l‘)

— i

=LO(z;t) L=

3=
A FR

. — (Ve5(2))]Vz

#E O(z;t) = exp[tL]O(z)

F(t,7) = / P(x,y:t — T)O(x + iy; 7)dxdy

14E7811B2EH



Complex Langevin

Criteria (O)p@ = (0) 7. 1arts James.

VIEEESE

= P(x,y;0)

(t) Seiler, Stamatescu)

=p(x;0)6(y)

t-dependent operator

2 0(z1)

—

=LO0(z;t) L=

==
AN F

/nyt T)

(t 0) 0>P(t

+— (V28(2))|V;

BE  O(z;t) =exp[tL]O(z)

O(x+iy;T)dxdy
(t t) — < >p(t)

1457811 H&EH



Complex Langevin
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Complex Langevin
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Complex Langevin
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Complex Langevin
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Complex Langevin

S-F (7)) =— / (L' P(x,y;t — 7)) O(x+iy; T)dxdy + / P(x,y;t — T)LO(x +iy; T)dxdy

weaker condition

d
lim —F'(¢, 1) =

t—o0 d'T

ra "713' (1: 7Ld: D O
Criterion

frih
It

1457811 H&EH



Complex Langevin
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Complex Langevin
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Complex Langevin
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Complex Langevin
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Complex Langevin
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3D SU(3) spin model
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QCD using CLE

gauge Coc)ling (Seiler, Sexty, Stamatescu)

g U-’E,ﬂ = €Xp (_ Z &)‘aGa,:B) Ua:,ﬂ
a

L

gaugeZ D

L

m n \ S I ] L
unitarity normz 5 9 A=
100 ' 3 »
_ || . ) .
il | _ ,yF —_ 2trAa _Uy,”Uy,u Uy_ﬂ’“Uy—“,”-
0.01 . 1
e -~ ayarin - 1. _1 _1 -|- _1 _1
g 0.0001 | \a[ (Uy,“) Uy,“—f—(Uy_ﬂ,u) Uy_ﬂ,“
S 1006 ey e ]
- 1e-10 |
1le-12 | p=5.9
8°+6 lattice
1e-14 | 12 g.c. steps
1e-16 o = = =
0 5 10 15 20 25 30

Langevin time

1457811 H&EH



QCD using CLE
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