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1. Introduction
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これまで、lattice 計算では、実験と consistent ではあった。
しかし、D+K の 束縛状態としての研究が無かった。

ex) PACS-CS ( 滑川 )(2011) : 
h0| (s̄c)†(t) s̄c(0) |0i ⇠ e�mt

基底状態のenergy : �! 2335± 35± 10MeV
D +K = 2369
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この論文では :
沢山の演算子を使い、             
　　　         と同じ quantum number を持つ状態のエネルギーを、
2nd EX state まで求める。
D⇤

s0(2317)

D⇤
s0(2317) D(0)K(0) D(1)K(�1)(              ,              ,                 )

=� scattering length, effective range 等の散乱の情報
D+K の 束縛状態としての性質

演算子 : 

O1 = s̄c

D⇤
s0

D(0)K(0)

D(1)K(�1)

O2 = s̄�jDjc

O3 = s̄�4�jDjc

O4 = s̄
 
Dj

!
Dj c

DK-type :

O5 = D0(0)K�(0) +D�(0)K0(0)

O6 = D00(0)K�0
(0) +D�0

(0)K00(0)

O7 = D0(1)K�(�1) +D�(1)K00(�1)
( P 0 = q̄�4�5q )

Gij(t) = h0| O†
i (y)Oj(0) |0i

�↵ = EV↵[G
�1(t0)G(t) ] ⇠ e�E↵t

variational method  : 

q̄q-type :
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k2 = (2�/L)2 · n , n ⇥ Z

Energy in free case :

Energy of the system :

In                       periodic box ( : lattice )L� L� L

Lüscher  CMP105(86)153, NPB354(91)531.

3

( : discrete )

Scattering phase shift  

k2 = (2�/L)2 · n , n ⇤⇥ Z

:  SC. phase shift in infinite volume

:  Lüscher’s formula

Energy on the lattice SC. phase shift
in infinite volume=�

( q = 2⇡/L · p )

Ex) C ! A(p) +B(�p) decay

E =
p
mA + p2 +

p
mB + p2

E =
p
mA + p2 +

p
mB + p2

p · cot �(p) = 2p
⇡L

· 1p
4⇡

X

n2Z3

1

n2 � q2
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束縛状態
cot � = i

(pa) cot � < 0

引力だと軽くなる

斥力だと重くなる 引力が強いと束縛状態が出来る

energy 変化 / 1/V

束縛状態のenergy
⇠ EB + e�L
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2. Results 

Results of energy :

Simulation point :

( (2) : PACS-CS (2009) )
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ID N3
L ×NT Nf a[fm] L[fm] #configs mπ[MeV] mK [MeV]

(1) 163 × 32 2 0.1239(13) 1.98 279 266(3)(3) 552(2)(6)

(2) 323 × 64 2+1 0.0907(13) 2.90 196 156(7)(2) 504(1)(7)

TABLE I. Details of gauge configurations used. NL and NT denote the number of lattice points in spatial and time directions,
Nf the number of dynamical flavors and a the lattice spacing. The pion mass for ensemble (2) is taken from [24], while the
kaon mass results from our calculation with partially quenched strange quarks.

be quoted with respect to the mass of the spin-averaged
1S state M1S = (MDs

+ 3MD∗

s
)/4 in our final results

and in all figures. For ensemble (2) the strange quark
mass used in [24] differs significantly from the physical
value. We therefore use a partially quenched strange
quark mval

s != msea
s and determine the hopping param-

eter κval
s by minimizing the difference of the φ meson

mass from the experimental mass and the difference of
the unphysical ηs meson from the value expected from
a high-precision lattice determination [31]. The deter-
minations agree to high precision and κs = 0.13666 is
obtained.
To handle the backtracking quark loops appearing in

the Wick contractions, the powerful distillation method
[32] is used. This can be seen as a smearing prescrip-
tion producing quark sources and sinks that are approxi-
mately Gaussian. The method allows for a large freedom
in the choice of interpolators and for momentum projec-
tion at source and sink. The exact Laplacian-Heaviside
version is used for ensemble (1) and the stochastic ex-
tension of distillation [9] for ensemble (2). Within this
approach we calculate the correlation matrix

Cij(t) =
∑

ti

〈0|Oi(ti + t)O†
j(ti)|0〉 (1)

=
∑

n

e−tEn〈0|Oi|n〉〈n|O†
j |0〉 ,

using interpolating fields Oi with JP = 0+ (irrep A+
1 ),

isospin I = 0 and total momentum zero. Four quark-
antiquark interpolators Os̄c

1−4 = s̄A1−4c taken to be the
entries 1-4 of irrep A+

1 in Table XII of [30] are used.
There are also three meson-meson interpolators

ODK
1 = [s̄γ5u] (p = 0) [ūγ5c] (p = 0) + {u → d} ,

ODK
2 = [s̄γtγ5u] (p = 0) [ūγtγ5c] (p = 0) + {u → d} ,

ODK
3 =

∑

p=±ex,y,z 2π/L

[s̄γ5u] (p) [ūγ5c] (−p) + {u → d} . (2)

The discrete energy levels En are extracted from the
correlators (1) using the variational method [33–35]. Fig-
ure 1 illustrates the results for the spectrum obtained

please refer to the caption of Figure (3) in [30]. For ensemble (2)
we obtain M1 ≈ 0.7534, M2 ≈ 0.828 and M4 ≈ 0.889.
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FIG. 1. Energy levels from ensemble (1) (left pane) and
ensemble (2) (right pane). For each case results with just
quark-antiquark (q̄q) and with a combined basis of q̄q and
DK interpolating fields are shown. The lower dashed lines
indicate MD + MK on both ensembles, while upper dashed
lines show the energies of non-interacting D(1)K(−1). The
error bars include statistical and scale setting corrections.

from both lattices. In each pane the left set of points in-
dicates the ground state level with just a quark-antiquark
basis2 while the right set of points indicates the ener-
gies using our full basis. The lower dashed lines denotes
the mD + mK threshold on both lattices, while the up-
per dashed line corresponds to the energy of the non-
interacting D(1)K(−1) scattering state. Note that two
low-lying states are observed when using the combined
basis. Their signal is unambiguous upon variation of the
basis, as long as at least one of ODK

1,2 and at least two
Os̄c interpolators, or if both of ODK

1,2 and one or more of
the Os̄c interpolators are used. The interpolator ODK

3 is
needed to render the D(1)K(−1) state. This level will
not be used in the analysis but for our conclusions it is
important that it can indeed be identified with the inter-
acting D(1)K(−1).

2 The second level from the q̄q basis is of poor statistical quality
and it appears above the second level obtained from the full basis.
It is away from the energy region of interest, it does not influence
the conclusions and it is not plotted for clarity.

charm quark :  Fermi lab. approach 
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ID N3
L ×NT Nf a[fm] L[fm] #configs mπ[MeV] mK [MeV]

(1) 163 × 32 2 0.1239(13) 1.98 279 266(3)(3) 552(2)(6)

(2) 323 × 64 2+1 0.0907(13) 2.90 196 156(7)(2) 504(1)(7)

TABLE I. Details of gauge configurations used. NL and NT denote the number of lattice points in spatial and time directions,
Nf the number of dynamical flavors and a the lattice spacing. The pion mass for ensemble (2) is taken from [24], while the
kaon mass results from our calculation with partially quenched strange quarks.

be quoted with respect to the mass of the spin-averaged
1S state M1S = (MDs

+ 3MD∗

s
)/4 in our final results

and in all figures. For ensemble (2) the strange quark
mass used in [24] differs significantly from the physical
value. We therefore use a partially quenched strange
quark mval

s != msea
s and determine the hopping param-

eter κval
s by minimizing the difference of the φ meson

mass from the experimental mass and the difference of
the unphysical ηs meson from the value expected from
a high-precision lattice determination [31]. The deter-
minations agree to high precision and κs = 0.13666 is
obtained.
To handle the backtracking quark loops appearing in

the Wick contractions, the powerful distillation method
[32] is used. This can be seen as a smearing prescrip-
tion producing quark sources and sinks that are approxi-
mately Gaussian. The method allows for a large freedom
in the choice of interpolators and for momentum projec-
tion at source and sink. The exact Laplacian-Heaviside
version is used for ensemble (1) and the stochastic ex-
tension of distillation [9] for ensemble (2). Within this
approach we calculate the correlation matrix

Cij(t) =
∑

ti

〈0|Oi(ti + t)O†
j(ti)|0〉 (1)

=
∑

n

e−tEn〈0|Oi|n〉〈n|O†
j |0〉 ,

using interpolating fields Oi with JP = 0+ (irrep A+
1 ),

isospin I = 0 and total momentum zero. Four quark-
antiquark interpolators Os̄c

1−4 = s̄A1−4c taken to be the
entries 1-4 of irrep A+

1 in Table XII of [30] are used.
There are also three meson-meson interpolators

ODK
1 = [s̄γ5u] (p = 0) [ūγ5c] (p = 0) + {u → d} ,

ODK
2 = [s̄γtγ5u] (p = 0) [ūγtγ5c] (p = 0) + {u → d} ,

ODK
3 =

∑

p=±ex,y,z 2π/L

[s̄γ5u] (p) [ūγ5c] (−p) + {u → d} . (2)

The discrete energy levels En are extracted from the
correlators (1) using the variational method [33–35]. Fig-
ure 1 illustrates the results for the spectrum obtained

please refer to the caption of Figure (3) in [30]. For ensemble (2)
we obtain M1 ≈ 0.7534, M2 ≈ 0.828 and M4 ≈ 0.889.
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FIG. 1. Energy levels from ensemble (1) (left pane) and
ensemble (2) (right pane). For each case results with just
quark-antiquark (q̄q) and with a combined basis of q̄q and
DK interpolating fields are shown. The lower dashed lines
indicate MD + MK on both ensembles, while upper dashed
lines show the energies of non-interacting D(1)K(−1). The
error bars include statistical and scale setting corrections.

from both lattices. In each pane the left set of points in-
dicates the ground state level with just a quark-antiquark
basis2 while the right set of points indicates the ener-
gies using our full basis. The lower dashed lines denotes
the mD + mK threshold on both lattices, while the up-
per dashed line corresponds to the energy of the non-
interacting D(1)K(−1) scattering state. Note that two
low-lying states are observed when using the combined
basis. Their signal is unambiguous upon variation of the
basis, as long as at least one of ODK

1,2 and at least two
Os̄c interpolators, or if both of ODK

1,2 and one or more of
the Os̄c interpolators are used. The interpolator ODK

3 is
needed to render the D(1)K(−1) state. This level will
not be used in the analysis but for our conclusions it is
important that it can indeed be identified with the inter-
acting D(1)K(−1).

2 The second level from the q̄q basis is of poor statistical quality
and it appears above the second level obtained from the full basis.
It is away from the energy region of interest, it does not influence
the conclusions and it is not plotted for clarity.

D(0)K(0)

D(1)K(�1)
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可能なシナリオ :

2

ID N3
L ×NT Nf a[fm] L[fm] #configs mπ[MeV] mK [MeV]

(1) 163 × 32 2 0.1239(13) 1.98 279 266(3)(3) 552(2)(6)

(2) 323 × 64 2+1 0.0907(13) 2.90 196 156(7)(2) 504(1)(7)

TABLE I. Details of gauge configurations used. NL and NT denote the number of lattice points in spatial and time directions,
Nf the number of dynamical flavors and a the lattice spacing. The pion mass for ensemble (2) is taken from [24], while the
kaon mass results from our calculation with partially quenched strange quarks.

be quoted with respect to the mass of the spin-averaged
1S state M1S = (MDs

+ 3MD∗

s
)/4 in our final results

and in all figures. For ensemble (2) the strange quark
mass used in [24] differs significantly from the physical
value. We therefore use a partially quenched strange
quark mval

s != msea
s and determine the hopping param-

eter κval
s by minimizing the difference of the φ meson

mass from the experimental mass and the difference of
the unphysical ηs meson from the value expected from
a high-precision lattice determination [31]. The deter-
minations agree to high precision and κs = 0.13666 is
obtained.
To handle the backtracking quark loops appearing in

the Wick contractions, the powerful distillation method
[32] is used. This can be seen as a smearing prescrip-
tion producing quark sources and sinks that are approxi-
mately Gaussian. The method allows for a large freedom
in the choice of interpolators and for momentum projec-
tion at source and sink. The exact Laplacian-Heaviside
version is used for ensemble (1) and the stochastic ex-
tension of distillation [9] for ensemble (2). Within this
approach we calculate the correlation matrix

Cij(t) =
∑

ti

〈0|Oi(ti + t)O†
j(ti)|0〉 (1)

=
∑

n

e−tEn〈0|Oi|n〉〈n|O†
j |0〉 ,

using interpolating fields Oi with JP = 0+ (irrep A+
1 ),

isospin I = 0 and total momentum zero. Four quark-
antiquark interpolators Os̄c

1−4 = s̄A1−4c taken to be the
entries 1-4 of irrep A+

1 in Table XII of [30] are used.
There are also three meson-meson interpolators

ODK
1 = [s̄γ5u] (p = 0) [ūγ5c] (p = 0) + {u → d} ,

ODK
2 = [s̄γtγ5u] (p = 0) [ūγtγ5c] (p = 0) + {u → d} ,

ODK
3 =

∑

p=±ex,y,z 2π/L

[s̄γ5u] (p) [ūγ5c] (−p) + {u → d} . (2)

The discrete energy levels En are extracted from the
correlators (1) using the variational method [33–35]. Fig-
ure 1 illustrates the results for the spectrum obtained

please refer to the caption of Figure (3) in [30]. For ensemble (2)
we obtain M1 ≈ 0.7534, M2 ≈ 0.828 and M4 ≈ 0.889.
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FIG. 1. Energy levels from ensemble (1) (left pane) and
ensemble (2) (right pane). For each case results with just
quark-antiquark (q̄q) and with a combined basis of q̄q and
DK interpolating fields are shown. The lower dashed lines
indicate MD + MK on both ensembles, while upper dashed
lines show the energies of non-interacting D(1)K(−1). The
error bars include statistical and scale setting corrections.

from both lattices. In each pane the left set of points in-
dicates the ground state level with just a quark-antiquark
basis2 while the right set of points indicates the ener-
gies using our full basis. The lower dashed lines denotes
the mD + mK threshold on both lattices, while the up-
per dashed line corresponds to the energy of the non-
interacting D(1)K(−1) scattering state. Note that two
low-lying states are observed when using the combined
basis. Their signal is unambiguous upon variation of the
basis, as long as at least one of ODK

1,2 and at least two
Os̄c interpolators, or if both of ODK

1,2 and one or more of
the Os̄c interpolators are used. The interpolator ODK

3 is
needed to render the D(1)K(−1) state. This level will
not be used in the analysis but for our conclusions it is
important that it can indeed be identified with the inter-
acting D(1)K(−1).

2 The second level from the q̄q basis is of poor statistical quality
and it appears above the second level obtained from the full basis.
It is away from the energy region of interest, it does not influence
the conclusions and it is not plotted for clarity.
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散乱状態

1) 共鳴状態
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ID N3
L ×NT Nf a[fm] L[fm] #configs mπ[MeV] mK [MeV]

(1) 163 × 32 2 0.1239(13) 1.98 279 266(3)(3) 552(2)(6)

(2) 323 × 64 2+1 0.0907(13) 2.90 196 156(7)(2) 504(1)(7)

TABLE I. Details of gauge configurations used. NL and NT denote the number of lattice points in spatial and time directions,
Nf the number of dynamical flavors and a the lattice spacing. The pion mass for ensemble (2) is taken from [24], while the
kaon mass results from our calculation with partially quenched strange quarks.

be quoted with respect to the mass of the spin-averaged
1S state M1S = (MDs

+ 3MD∗

s
)/4 in our final results

and in all figures. For ensemble (2) the strange quark
mass used in [24] differs significantly from the physical
value. We therefore use a partially quenched strange
quark mval

s != msea
s and determine the hopping param-

eter κval
s by minimizing the difference of the φ meson

mass from the experimental mass and the difference of
the unphysical ηs meson from the value expected from
a high-precision lattice determination [31]. The deter-
minations agree to high precision and κs = 0.13666 is
obtained.
To handle the backtracking quark loops appearing in

the Wick contractions, the powerful distillation method
[32] is used. This can be seen as a smearing prescrip-
tion producing quark sources and sinks that are approxi-
mately Gaussian. The method allows for a large freedom
in the choice of interpolators and for momentum projec-
tion at source and sink. The exact Laplacian-Heaviside
version is used for ensemble (1) and the stochastic ex-
tension of distillation [9] for ensemble (2). Within this
approach we calculate the correlation matrix

Cij(t) =
∑

ti

〈0|Oi(ti + t)O†
j(ti)|0〉 (1)

=
∑

n

e−tEn〈0|Oi|n〉〈n|O†
j |0〉 ,

using interpolating fields Oi with JP = 0+ (irrep A+
1 ),

isospin I = 0 and total momentum zero. Four quark-
antiquark interpolators Os̄c

1−4 = s̄A1−4c taken to be the
entries 1-4 of irrep A+

1 in Table XII of [30] are used.
There are also three meson-meson interpolators

ODK
1 = [s̄γ5u] (p = 0) [ūγ5c] (p = 0) + {u → d} ,

ODK
2 = [s̄γtγ5u] (p = 0) [ūγtγ5c] (p = 0) + {u → d} ,

ODK
3 =

∑

p=±ex,y,z 2π/L

[s̄γ5u] (p) [ūγ5c] (−p) + {u → d} . (2)

The discrete energy levels En are extracted from the
correlators (1) using the variational method [33–35]. Fig-
ure 1 illustrates the results for the spectrum obtained

please refer to the caption of Figure (3) in [30]. For ensemble (2)
we obtain M1 ≈ 0.7534, M2 ≈ 0.828 and M4 ≈ 0.889.
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FIG. 1. Energy levels from ensemble (1) (left pane) and
ensemble (2) (right pane). For each case results with just
quark-antiquark (q̄q) and with a combined basis of q̄q and
DK interpolating fields are shown. The lower dashed lines
indicate MD + MK on both ensembles, while upper dashed
lines show the energies of non-interacting D(1)K(−1). The
error bars include statistical and scale setting corrections.

from both lattices. In each pane the left set of points in-
dicates the ground state level with just a quark-antiquark
basis2 while the right set of points indicates the ener-
gies using our full basis. The lower dashed lines denotes
the mD + mK threshold on both lattices, while the up-
per dashed line corresponds to the energy of the non-
interacting D(1)K(−1) scattering state. Note that two
low-lying states are observed when using the combined
basis. Their signal is unambiguous upon variation of the
basis, as long as at least one of ODK

1,2 and at least two
Os̄c interpolators, or if both of ODK

1,2 and one or more of
the Os̄c interpolators are used. The interpolator ODK

3 is
needed to render the D(1)K(−1) state. This level will
not be used in the analysis but for our conclusions it is
important that it can indeed be identified with the inter-
acting D(1)K(−1).

2 The second level from the q̄q basis is of poor statistical quality
and it appears above the second level obtained from the full basis.
It is away from the energy region of interest, it does not influence
the conclusions and it is not plotted for clarity.
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7

Scattering phase shift
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1) ground state では殆ど cot � = i

2) p=0 では、 p · cot � = 1/a < 0

: Levinson の定理に合っている

13年11月28日木曜日



Levinson の定理 : 

lim
p!0

�(p) = n⇡

n : number of bound state

⇡
�(p)

tan �(p) < 0

p

=�
lim

p!0
p · cot �(p) = 1/a < 0

1) 2)から、

2

ID N3
L ×NT Nf a[fm] L[fm] #configs mπ[MeV] mK [MeV]

(1) 163 × 32 2 0.1239(13) 1.98 279 266(3)(3) 552(2)(6)

(2) 323 × 64 2+1 0.0907(13) 2.90 196 156(7)(2) 504(1)(7)

TABLE I. Details of gauge configurations used. NL and NT denote the number of lattice points in spatial and time directions,
Nf the number of dynamical flavors and a the lattice spacing. The pion mass for ensemble (2) is taken from [24], while the
kaon mass results from our calculation with partially quenched strange quarks.

be quoted with respect to the mass of the spin-averaged
1S state M1S = (MDs

+ 3MD∗

s
)/4 in our final results

and in all figures. For ensemble (2) the strange quark
mass used in [24] differs significantly from the physical
value. We therefore use a partially quenched strange
quark mval

s != msea
s and determine the hopping param-

eter κval
s by minimizing the difference of the φ meson

mass from the experimental mass and the difference of
the unphysical ηs meson from the value expected from
a high-precision lattice determination [31]. The deter-
minations agree to high precision and κs = 0.13666 is
obtained.
To handle the backtracking quark loops appearing in

the Wick contractions, the powerful distillation method
[32] is used. This can be seen as a smearing prescrip-
tion producing quark sources and sinks that are approxi-
mately Gaussian. The method allows for a large freedom
in the choice of interpolators and for momentum projec-
tion at source and sink. The exact Laplacian-Heaviside
version is used for ensemble (1) and the stochastic ex-
tension of distillation [9] for ensemble (2). Within this
approach we calculate the correlation matrix

Cij(t) =
∑

ti

〈0|Oi(ti + t)O†
j(ti)|0〉 (1)

=
∑

n

e−tEn〈0|Oi|n〉〈n|O†
j |0〉 ,

using interpolating fields Oi with JP = 0+ (irrep A+
1 ),

isospin I = 0 and total momentum zero. Four quark-
antiquark interpolators Os̄c

1−4 = s̄A1−4c taken to be the
entries 1-4 of irrep A+

1 in Table XII of [30] are used.
There are also three meson-meson interpolators

ODK
1 = [s̄γ5u] (p = 0) [ūγ5c] (p = 0) + {u → d} ,

ODK
2 = [s̄γtγ5u] (p = 0) [ūγtγ5c] (p = 0) + {u → d} ,

ODK
3 =

∑

p=±ex,y,z 2π/L

[s̄γ5u] (p) [ūγ5c] (−p) + {u → d} . (2)

The discrete energy levels En are extracted from the
correlators (1) using the variational method [33–35]. Fig-
ure 1 illustrates the results for the spectrum obtained

please refer to the caption of Figure (3) in [30]. For ensemble (2)
we obtain M1 ≈ 0.7534, M2 ≈ 0.828 and M4 ≈ 0.889.
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FIG. 1. Energy levels from ensemble (1) (left pane) and
ensemble (2) (right pane). For each case results with just
quark-antiquark (q̄q) and with a combined basis of q̄q and
DK interpolating fields are shown. The lower dashed lines
indicate MD + MK on both ensembles, while upper dashed
lines show the energies of non-interacting D(1)K(−1). The
error bars include statistical and scale setting corrections.

from both lattices. In each pane the left set of points in-
dicates the ground state level with just a quark-antiquark
basis2 while the right set of points indicates the ener-
gies using our full basis. The lower dashed lines denotes
the mD + mK threshold on both lattices, while the up-
per dashed line corresponds to the energy of the non-
interacting D(1)K(−1) scattering state. Note that two
low-lying states are observed when using the combined
basis. Their signal is unambiguous upon variation of the
basis, as long as at least one of ODK

1,2 and at least two
Os̄c interpolators, or if both of ODK

1,2 and one or more of
the Os̄c interpolators are used. The interpolator ODK

3 is
needed to render the D(1)K(−1) state. This level will
not be used in the analysis but for our conclusions it is
important that it can indeed be identified with the inter-
acting D(1)K(−1).

2 The second level from the q̄q basis is of poor statistical quality
and it appears above the second level obtained from the full basis.
It is away from the energy region of interest, it does not influence
the conclusions and it is not plotted for clarity.
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「 我々は                    をとった !!　」D⇤
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Final results 4

E1(L)−M1S M
D∗

s (2317)
L→∞ −M1S

ensemble (1) 254.4(4.3)(2.3) 287.2(5.0)(3.0)

ensemble (2) 245(15)(4) 266(16)(4)

experiment 241.45(0.60)

TABLE III. The final result for the D∗
s0(2317) mass

M
D∗

s (2317)
L→∞ , as obtained from the pole condition, compared

to the experimental value [1] (right column). The energy lev-
els in the finite-volume lattice are shown in the left column.
The errors are statistical (1st) and due to scale setting (2nd).

In infinite volume a bound state would correspond to
a pole of the S-matrix which translates to the pole con-
dition cot δ(pb) = i, where pb = i|pb| denotes the binding
momentum of the bound state. Taking the values for
a0 and r0 extracted within the effective range approx-
imation, we determine the binding momentum, which
translates to our estimate of the bound state energy
ML→∞ = ED(pb) + EK(pb) using the dispersion rela-
tions EK(p) = (M2

K +p2)1/2 and ED(p) given by Eq. (3)
of [30] with W4 = 0. It is this bound state energy and
its value with respect to the DK threshold that should
be compared to experiment. Analogous extraction of the
deuteron binding energy from two lowest levels on a sin-
gle volume was proposed for future simulations in [43].
The systematic uncertainties come from fitting the dis-

persion relation for the D-meson [30] and from determin-
ing the kaon mass. For both, the scattering length and
the binding energy, we estimate those to be 30% of the
statistical errors.
Our final result is given alongside the experimental

D∗
s0(2317) mass in Table III and Figure 3, together with

DK thresholds on the lattice and in experiment. Notice
that with a pion mass of 156 MeV and at finite lattice
spacing we neither expect the thresholds to agree per-
fectly, nor do we expect the position of the sub-threshold
state to agree exactly with the D∗

s0(2317). In particular
heavy quark discretization effects of an order of a few
percent of the mass splittings are expected and their in-
fluence should be addressed in future simulations.
In summary, we have performed a simulation of the

Ds (JP = 0+) spectrum with the novel feature of a com-
bined basis of quark-antiquark and DK operators. The
combination of both types of lattice interpolating fields
was crucial to obtain energy levels with small statisti-
cal uncertainties and the variational analysis shows that
both types of operators have non-vanishing overlap with
the physical state. Further notable features of the sim-
ulation are the use of an improved heavy-quark action,
distillation methods to deal with operator contractions,
and almost physical pions, kaons and D mesons. Un-
like previous lattice simulations, we observe a state be-
low DK threshold whose mass is compatible with the
experimental D∗

s0(2317) within the remaining uncertain-
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FIG. 3. The final result for D∗
s0(2317) mass is given by the

crosses in the left and middle panes, while the experimental
value is given in the right pane. Instead of the mass itself,

we compare the values of M
D∗

0
(2317)

L→∞ − M1S , where Mexp

1S
=

1
4 (mDs + 3mD∗

s
) " 2076 MeV. The value of the bound state

position in the infinite volume limit, M
D∗

0
(2317)

L→∞ is obtained
from the pole condition cot δ = i. The two lowest energy
levels from our simulation in the finite volume are given by the
circles in the left and middle panes. Dashed lines represent the
threshold for DK in our simulation (mu = md), and dotted
lines the thresholds for D0K+, K0D+ in experiment.

ties. To obtain precision results, simulations at multiple
lattice spacings and with multiple lattice volumes will be
needed.
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実験と大体合っている

今後の課題 : 

2) relativistic heavy quark を使う
1) 体積を変えて、BS formation を確定させる
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