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lattice fermions
• Naive fermions -> doubling 

• Wilson fermions -> Chiral symmetry × 

• Overlap fermions -> no doubler, Chiral 

• discretization effect -> dispersion relation 

• Numerical cost



Chiral fermions  
on the Lattice

• Ginsparg-Wilson Relation(GWR) 

!

• Neuberger’s solution(Overlap fermions)
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D0: massless Wilson Dirac-operator



Hypercubic approximate 
Ginsparg-Wilson fermions(HF)

• Truncated Perfect HF(TP-HF) 

• Chirally Optimized HF(CO-HF) 

• Scaling optimized HF(SO-HF)

⇢

µ

(x� y) = ⇢1 (�x+µ̂,y

� �

x�µ̂,y

) + ⇢2

X

⌫

(�
x+µ̂+⌫̂,y

� �

x�µ̂+⌫̂,y

) + ⇢3

X

⌫,⇢

(�
x+µ̂+⌫̂+⇢̂y

� �

x�µ̂+⌫̂+⇢̂,y

)

+ ⇢4

X

⌫,⇢,�

(�
x+µ̂+⌫̂+⇢̂+�̂,y

� �

x�µ̂+⌫̂+⇢̂+�̂,y

)

D

x,y

= �

µ

⇢

µ

(x� y) + � (x� y)

� (x� y) = �0�x,y + �1

X

µ

(�
x+µ̂,y

+ �

x�µ̂,y

) + �2

X

µ,⌫

(�
x+µ̂+⌫̂,y

+ �

x�µ̂+⌫̂,y

)

+ �3

X

µ,⌫,⇢

(�
x+µ̂+⌫̂+⇢̂y

+ �

x�µ̂+⌫̂+⇢̂,y

) + �4

X

µ,⌫,⇢,�

(�
x+µ̂+⌫̂+⇢̂+�̂,y

+ �

x�µ̂+⌫̂+⇢̂+�̂,y

)

D (p) =
X

µ

ipµ�µ +O �
p2
�

Perfect action[Nucl.Phys. B464,319]

⇢1 + 2⇢2 =
1

2
�0 + 4(�1 + �2) = 0

⌫st =
X

[D�5D � {D, �5}]2

tune in the free case



Eigenvalue spectra(free)

�5D�5 = D†

GWR

(�5 � hermiticity)

{D, �5} = 2aD�5RD



dispersion relation(free)
evaluate a pole of D-1(p)



Applications to  
(lattice) Schwinger model

• 2-dimensional QED(abelian gauge), 2 flavor 

• Wilson or Hypercube + clover term 

!

!

!

• quenched configurations V=162 ,Nconf=5000,csw=1
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Meson Dispersion relation
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Spectra(β=6)



Spectra(β=4, 2)



Overlap formula
• reduce deviation from GWR 

• HF -> Overlap formula with HF kernel
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overlap vs HF



Meson Dispersion relation 
using overlap Dirac op



Perturbative chiral correction
• overlap procedure is expensive 

• consider approximation method 

• assume that D0 is close to GW fermion ~ HF
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Spectrum(PCP)





Summary
• HF actions have good properties, but deviate 
from GWR as increasing coupling. 

• overlap formula reduces deviations ,but 
expensive 

• If start from HF, one can use perturbative 
chiral correction instead of exact overlap.



dispersion relation(free)


