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Light-cone gauge closed super SFT

S =

∫ [
1

2
Φ ·

(
i∂t −

L0 + L̃0 − 1

p+

)
Φ+

gs
3
Φ · (Φ ∗ Φ)

]

Feynman amplitudes diverge.
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Feynman amplitudes for superstrings su�er from

1 infrared divergences

2 spurious singularities

(a) collisions of the picture changing operators (or TF )

(b) divergences of the βγ partition function

formulations using supermoduli space ( Witten )

avoind the singularities patchwise ( Sen-Witten )

SFT with nonpolynomial interactions ( Sen )

In the LC SFT, we do not have the problem (b) and may be able to deal with the

problem with only the three string interaction.
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We would like to get �nite amplitudes

Strategy

We regularize the amplitudes, by considering the SFT in linear dilaton background

Φ = −iQX1

The amplitudes become �nite for Q2 > 10.

The amplitudes coincide with those obtained by the 1-st quantized approach

in the limit Q→ 0.

Based on Murakami-N.I. JHEP 1606 (2016) 087

N.I. arXiv:106504666, Murakami-N.I. to appear
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LC gauge super SFT in LD background

Linear dilaton background Φ = −iQX1 (ds2 = 2ĝzz̄dzdz̄)

S =
1

16π

∫
dz ∧ dz̄i

√
ĝ
(
ĝab∂aX

1∂bX
1 − 2iQR̂X1

)

We construct SFT (type II) with the worldsheet theory for Xi, ψi, ψ̄i (i = 1, · · · 8)
GO

S =

∫ [
1

2
Φ ·
(
i∂t −

L0 + L̃0 − 1 +Q2−iε
p+

)
Φ+

gs

3
Φ · (Φ ∗ Φ)

]
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LC gauge super SFT in LD background

Feynman amplitude GO

ALC
Q =

∫ ∏
K

dtK

⟨
2g−2+N∏
I=1

∣∣∣∣(∂2ρ)− 3
4 TLC

F (zI)

∣∣∣∣2 N∏
r=1

V LC
r

⟩
gzz̄

e−(1−Q2)Γ

≡
∫ ∏

K

dtKF (⃗t)

F (⃗t) is expressed explicitly in terms of the theta functions de�ned on the

Riemann surface.
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Possible divergences arise from the combinations of

Contact term

In�nitely long cylinder

In�nitely thin cylinder

Tiny neck
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Finiteness

In�nitely long cylinder
∫ ∞

0
dT exp

−T

∑
j

L
(j)
0 + L̄

(j)
0 − 1 + Q2 − iε

αj

− P
−




Following Berera, Witten, we modify the contour as

∫ ∞

0
dT →

(∫ T0

0
+

∫ T0+i∞

T0

)
dT

The Feynman iε takes care of the divergences of this kind.
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Finiteness

Contact term

F (⃗t) ∼ ϵ−
10
3 + 1

3Q
2

For Q = 0, F (⃗t) becomes singular.

For Q2 > 10, F (⃗t) becomes regular.

For Q2 > 10, ε > 0, we �nd F (⃗t) is a continuous function without

singularities and ALC
Q =

∫ ∏
K dtKF (⃗t) is �nite.

We can de�ne the amplitudes for Q2 > 10 as analytic functions of Q and

take the the limit Q→ 0 ε→ 0.

The results coincide with those of the �rst quantized approach. GO
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Conclusions and discussions

In order to regularize the Feynman amplitudes, we consider light-cone gauge

superstring �eld theory in linear dilaton background Φ = −iQX1.

The amplitudes become �nite for Q2 > 10 and they can be de�ned as

analytic functions of Q. The amplitudes without the background is given by

the limit Q→ 0.

The results coincide with those from the �rst quantized approach.
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Outlook

Equivalence of the amplitudes with odd spin structure.

Our approach looks quite similar to the dimensional regularization in �eld

theory, but there are crucial di�erences:

The number of ψi, ψ̄i is not changed. Therefore the number of the gamma

matrices is not changed and we do not have any problems with fermions.

We have a concrete theory for Q ̸= 0. It may be possible to discuss nonperturbative

problems using this approach.
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Three-string vertex

BACK

∫
Φ1 · (Φ2 ∗ Φ3) =

∫
dt

3∏
r=1

 p+r dp+r

4π

 δ

 3∑
r=1

p
+
r



×
(
p
+
1 p

+
2 p

+
3

)− 1
2
(1−Q2)

e

−(1−Q2)
∑

r
1

p
+
r

∑3
s=1 p+s ln

∣∣∣p+s ∣∣∣
×
⟨∣∣∣∂2

ρ (z0)
∣∣∣− 3

2 T
LC
F (z0) T̄

LC
F (z̄0)

× ρ
−1

h1 ◦ OΦ1(t,α1)ρ
−1

h2 ◦ OΦ2(t,α2)ρ
−1

h3 ◦ OΦ3(t,α3)

⟩
C
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Anomaly factor

e−Γ ∝
N∏
r=1

[
α−1
r (gAZrZ̄r

)−
1
2 e−ReN̄rr

00

] 2g−2+N∏
I=1

[
(gAzI z̄I )

− 1
2

∣∣∂2ρ(zI)∣∣− 1
2

]

r = 1, . . . , N label the punctures BACK

I = 1, . . . , 2g − 2 +N label the interaction points, where ∂ρ(zI) = 0.

gAzz̄: Arakelov metric on the surface

N̄rr
00 ≡ 1

p+
r
(ρ(zI(r))− limz→Zr (ρ (z)− p+r ln (z − Zr)))
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Remark BACK

Tadpoles and mass renormalization are irrelevant to the limit ε→ 0.

Tadpoles: belong to the �Tiny neck� category

Mass renormalization: If p1 is on-shell, p2 is generically o�-shell for Q ̸= 0.

p11 + p12 + 2Q(1− g) = 0
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X± CFT

SX± = −
1

2π

∫
d2zdθdθ̄

(
D̄X+DX− + D̄X−DX+

)
−Q2Γsuper [Φ]

X± ≡ x± + iθψ± + iθ̄ψ̃± + iθθ̄F±

Γsuper [Φ] = −
1

2π

∫
d2zdθdθ̄

(
D̄ΦDΦ+ θθ̄ĝzz̄R̂Φ

)
Φ ≡ ln

∣∣∣∣∣∂X+ −
∂DX+DX+

(∂X+)2

∣∣∣∣∣
2

− ln ĝzz̄

This theory can be formulated in the case ⟨∂mX+⟩ ̸= 0.

In the case of the LC gauge amplitudes, we always have∏
e−ip+

r X−
(p+r ̸= 0) and ⟨∂mX+⟩ ̸= 0.
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X± CFT BACK

SX± = −
1

2π

∫
d2zdθdθ̄

(
D̄X+DX− + D̄X−DX+

)
−Q2Γsuper [Φ]

T (z, θ) = G (z) + θT (z)

=
1

2
: ∂X+DX− (z) : +

1

2
: DX+∂X− (z) : +2Q2S

(
z,X+

)

It is a superconformal �eld theory with ĉ = 2 + 8Q2.

The worldsheet theory becomes BRST invariant

X± Xi ghosts

ĉ = 2 + 8Q2 + 8− 8Q2 − 10 = 0
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Comparison with the �rst quantized approach

The LC amplitude can be recast into a conformal gauge expression (even spin

structure)

ALC
Q =

∫ ∏
K

dtK

⟨
2g−2+N∏
I=1

∣∣∣∣(∂2ρ)− 3
4 TLC

F (zI)

∣∣∣∣2 N∏
r=1

V LC
r

⟩
gAzz̄

e−(1−Q2)Γ

=

∫ ∏
j

dmj

⟨∏
j

∮ (
µjb+ µ̄j b̄

) 2g−2+N∏
I=1

X(zI)X̄(z̄I)
N∏
r=1

V conf.
r

⟩Xµ,ψµ,ghosts

with a nontrivial CFT for X±, ψ± (X± CFT). (Murakami-N.I.) GO

X(z) = −eϕG+ c∂ξ + 1
4∂bηe

2ϕ + 1
4b
(
2∂ηe2ϕ + η∂e2ϕ

)
: picture changing

operator (PCO)

PCO's are placed at the interaction points.

17 / 19



First quantized approach (Verlinde-Verlinde)

A
V V
Q =

∫
M

∏
j

dmj

⟨∏
j

∮ (
µjb + µ̄j b̄

) 2g−2+N∏
i

X(zi(m))X̄(z̄i(m))

N∏
r=1

V
conf.
r

⟩

If the PCO's are placed at z = zi(m), but the amplitudes su�er from the so

called spurious singularities.

Sen-Witten gave a prescription to write down amplitudes placing PCO's
avoiding the spurious singularities patchwise.

A
SW
Q =

∑
α

∫
Mα

∏
j

dmj

⟨∏
j

∮ (
µjb + µ̄j b̄

) 2g−2+N∏
i

X(zi(m))X̄(z̄i(m))
N∏

r=1

V
conf.
r

⟩
+ · · ·
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ALC
Q = ASW

Q

When Q2 > 10,

A
SW
Q =

∑
α

∫
Mα

∏
j

dmj

⟨∏
j

∮ (
µjb + µ̄j b̄

) 2g−2+N∏
i

X(zi(m))X̄(z̄i(m))

N∏
r=1

V
conf.
r

⟩

+ · · ·

=

∫
M

∏
j

dmj

⟨∏
j

∮ (
µjb + µ̄j b̄

) 2g−2+N∏
I=1

X(zI )X̄(z̄I )
N∏

r=1

V
conf.
r

⟩

= A
LC
Q

because

putting zi(m) = zI does not make the amplitude diverge

Sen-Witten prescription does no depend on the choice of zi(m) BACK

Therefore as an analytic function of Q, ALC
Q = ASW

Q .

We can get limQ→0A
LC
Q = ASW

0 , if ASW
0 is well-de�ned.
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